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1.1 Systems of Linear Equations

Theory:
Key terms and ideas - you need to know what they mean, and how they fit together:
e Linear equation in the variables x1, x, ..., x,; System of linear equations

e Solution of a linear system; Solution set of a linear system (NB these are not the same
thing)

Equivalent systems

Consistent/Inconsistent systems

Coefficient matrix of a linear system; Augmented matrix of a linear system
e Row operations; Row-equivalent matrices
Key facts - you need to know them (and have an idea of why they are true):

e Every linear system has either (i) No solutions; (ii) One unique solution; or (iii)
infinitely many solutions.

e Two linear systems are equivalent if and only if their augmented matrices are row-
equivalent.

Practice:
Things you need to be able to do/answer:

e “Which of the following equations are linear?” - to answer this, look for any expres-
sion involving variables being multiplied, squared, log’ed, sin’ed, etc.

e “What is the augmented matrix of this system?” - this kind of question is a gift, as
long as you remember to arrange all the variables in the same order, and move the
constants over to the right-hand side.



1.2 Row Reduction and Echelon Forms

Theory:
Key terms and ideas:

e Row Echelon Form (aka REF, Echelon Form); Reduced Row Echelon Form (aka
RREF, Reduced Echelon Form)

e Leading entry; Nonzero row /column; Pivot position; Pivot column
e Basic variable; Free variable

e General solution
Key facts:

e Each matrix is row-equivalent to one and only one matrix in RREF.

e Existence and uniqueness theorem: A linear system is consistent if and only if the RREF
of its augmented matrix has no row of the form [00 ... 0 b] where b # 0. If a system is
consistent, then it has a unique solution if and only if there are no free variables. Virtually
everything else we’ve seen in the course is based on this theorem.

Practice:

Things you need to be able to do/answer:

e “Row reduce this matrix.” You absolutely need to be able to do this quickly, accu-
rately and confidently. Following the algorithm given in class is a good way to make
sure you don’t go round in circles.

o “Which of these matrices is in REF/RREF?” You need to remember the definitions
or row echelon and reduced row echelon forms.

e “Write the general solution of this particular system.” The procedure is:

Write the augmented matrix

Row reduce it (down to REF)

Decide if the system is consistent

If it is, keep row reducing (down to RREF)
Decide which variables (if any) are free
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Rewrite the matrix as a set of equations, writing each basic variable in terms of
the free variables.

e “For which values of & is this system consistent”, and “For which / does the system
have a unique solution?” To answer these, follow the above procedure and see
which values of & (if any) will allow you to avoid rows like [0.. .0 b] (or alternatively,
free variables). This usually requires solving some equation involving h.



1.3 Vector Equations
Theory:

Key terms and ideas:
e Vector, R?, R"
e Definitions of the sum of two vectors, and the product of a scalar and a vector
e Geometric descriptions of R?, R3

e Parallelogram law for addition, dilating/contracting a vector by scalar multiplica-
tion

e Linear combinations, weights
e Vector equation
e span{vy...,v,}
Key facts:
e “Algebraic properties of R"” - see Page 32.

e A vector equation xja; + - - - + x,a, = b has the same solution set as the linear
system whose augmented matrix is [a; ... a, b].

e As a consequence of the above, a vector b belongs to the span of ay, ..., a, if and
only if the linear system with augmented matrix [a; ... a, b] is consistent.

Do you really understand span? If not, you should really make it a priority to get on top
of this idea. One way to think of it is like this: you're given some vectors vy, ...v,, and
you have a way to make new vectors out of these old ones (i.e. form linear combinations).
Then span{vy,...v,} is the collection of all those vectors you can make from vy, ..., vy,
by taking linear combinations.

Practice:
Things you need to be able to do/answer:
e Basic algebraic operations on vectors: eg “add these vectors”, etc.

e “Does b belong to the span of vy,...,v,?” To answer this, row reduce the matrix
[v1 ... vy b] and see if the system is consistent.

e “For which value(s) of / does this vector b (which might depend on &) belong to the
span of these other vectors (some of which might also depend on h)?” To answer
this, set up the matrix as above, row reduce, and see which values of / (if any) will
make the system consistent.



1.4 The Matrix Equation Ax = b

Theory:

Key terms and ideas:

e Definition of the matrix-vector product
e Matrix equation

e Row-vector rule for computing Ax
Key facts:

o Let A be a matrix with columns ay, ..., a,. Then the matrix equation Ax = b has
the same solution set as the vector equation xja; 4 - - - x,a, = b and as the linear
system whose augmented matrix is [a; ... a, b]. This says that linear systems,
vector equations and matrix equations are just three ways of writing the same thing.

e For some particular vector b, the equation Ax = b has a solution if and only if b is
a linear combination of the columns of A.

e Let A be an m X n matrix. The following statements are equivalent:

1. The equation Ax = b has a solution for every b € R™;
2. The columns of A span R";
3. Ahas a pivot position in every row.

e “Properties of the matrix-vector product” - see page 45.

Practice:

Things you need to be able to do/answer:

e “Translate this particular vector equation/matrix equation/linear system into a ma-
trix equation/linear system/vector equation.” To do this, you just need to remem-
ber the way in which these three things are related. When you write an augmented
matrix, don’t forget that the final column should come from some constant vector,
usually called b, or sometimes 0.

o “If A is the given matrix and b is an arbitrary vector (with entries by, ..., by), then
for which b does the equation Ax = b have a solution?” To solve this, row-reduce
the augmented matrix [A b], and see which values of by, ..., by, make the system
consistent (this will usually involve writing down an equation involving the b’s).

e “For this particular matrix A, which depends somehow on h, for what values of i do
the columns of A span R"?” This is just one of many possible questions of this kind.
To answer it, use the theorem that says “the following statements are equivalent”.
In this example you want to know about statement (2), and the theorem says that
you can answer this by seeing whether or not (3) is true. i.e., row reduce the matrix
and see which values of 1 give you a pivot position in every row.



1.5 Solution Sets of Linear Systems

Theory:
Key terms and ideas:

e Homogeneous vs nonhomogeneous systems
e Nontrivial solution of a homogeneous system
e Parametric vector form

e Translations of solution sets; parallel lines/planes
Key facts:

e Homogeneous systems always have a solution: the zero vector.

e When you write the solution set of a system in parametric form, the number of
parameters (i.e. free variables) equals the dimension of the solution set.

e Theorem: Suppose the equation Ax = b is consistent for some given b. Then the solution
set of Ax = b is the set of all vectors of the form p + vy, where p is a particular solution to
Ax = b and vy, is any solution to the homogeneous equation Ax = 0. You should also
remember the pictures that go with this theorem (pages 53 and 54).

Practice:

Things you need to be able to do/answer:

e “Write the solution set to this given equation (might be a vector equation, matrix
equation or linear system) in parametric vector form.” To do this,

1. First write the corresponding augmented matrix;
2. Row-reduce, and write the general solution (as you did in section 1.2);

3. Write the general solution as a vector: this vector will have as many entries
as there are variables in the system, and each entry will be given by the corre-
sponding part of the general solution;

4. Split this vector into a sum of several vectors: one for each free variable, and
one for the constant terms (if required);

5. Factor out the free variables, and maybe rename them.

e “Given some particular matrix A and some vector b (might be 0), describe geomet-
rically the solution set of the equation Ax = b.” To do this, first get the parametric
vector form of the solution, as above. The number of parameters (free variables)
gives you the dimension: none — point, one — line, two — plane, three — R3.
If there is no constant vector in the PVE, then the solution set contains (aka passes
through) the origin. If the PVF has a constant vector p, then the solution set passes
through p.



1.7 Linear Independence

Theory:

Key terms and ideas:

Linear Independence (LI); Linear Dependence (LD); Linear Dependence Relation
(LDR)

Key facts:

The columns of a matrix A are LI if and only if the equation Ax = 0 has a no
nontrivial solution. This is the case if and only if every column of A is a pivot
column.

A set of one vector is LI if and only if it isn’t the zero vector.
A set of two vectors is LI if and only if neither is a multiple of the other.
Any set containing the zero vector is LD.

Any set of vectors containing more vectors than the number of entries in each vector,
is LD. (eg a set of 3 vectors in IR? must be LD.)

A set of vectors is LD if and only if one of the vectors can be written as a linear
combination of the others.

The span of k linearly independent vectors is a k-dimensional space. eg the span of
two LI vectors is a plane.

Practice:

Things you need to be able to do/answer:

“Are these vectors LI/LD? If they’re LD, find a LDR.” First, remember our general
time-saving facts: eg, if there are more vectors than entries in each vector, the vectors
are LD. If there are two vectors, then just check to see if one is a multiple of the other.
If none of the tricks are applicable, remember that the vectors vy, .. ., v, are LI iff the
matrix [v] ... v,] has a pivot in every column. So row reduce this matrix.

“Given certain vectors, give a geometric description of their span.” The dimen-
sion of span{vy,...,v,} is equal to the number of pivot positions in the matrix
[V1 ... V. So row-reduce this matrix.



1.8 Linear Transformations

Theory:

Key terms and ideas:

Transformation; domain; codomain
Image; range
Matrix transformation (i.e. a transformation defined by multiplying by a matrix)

Linear transformation

Key facts:

Every matrix transformation is linear.

A transformation T is linear if and only if T(cu+dv) = c¢T(u) +dT(v) for all vectors
u and v and all scalars c and d. This fact is absolutely crucial!!

The image of 0 under any linear transformation is 0.

Practice:

Things you need to be able to do/answer:

“Which of the following is a linear transformation? (followed by a list of differ-
ent formulae)” Strictly speaking, the way to do this is to check that T(cu + dv) =
cT(u) + dT(v) for any choices of vectors and scalars. But, as one of my teachers
back in Australia was fond of saying, “real mathematicians know when something
is linear.” As a general rule, if you see squares, sin’s, products of variables, etc,
the transformation is not linear. Likewise, if you see a constant being added, the
transformation is not linear (because the image of 0 will not be 0).

“What is the image of such-and-such a vector under such-and-such a transforma-
tion?” Usually this is just a case of plugging some numbers into a formula.

“Does this particular vector b lie in the range of this particular linear transforma-
tion?” To solve this, find the standard matrix A of the transformation, if it’s not
already given to you (see the next section). Then a vector b lies in the range of the
transformation if and only if the matrix equation Ax = b is consistent.



1.9 The Matrix of a Linear Transformation

Theory:

Key terms and ideas:
e The n x n identity matrix I;; its columns ey, ..., e;.
e The standard matrix of a linear transformation.

e Geometric terminology, such as dilation, contraction, reflection, rotation, projection.
See Example 4 on page 77, and the various tables on pages 85-87.

e One-to-one; Onto.
Key facts:

e Every linear transformation T : R” — IR™ has a unique standard matrix, A =
[T(e1) ... T(e,)] where e; is the i*" column of I,.

e A linear transformation is onto iff the columns of its standard matrix A span R",
which happens iff every row of A contains a pivot position.

o A linear transformation is one-to-one iff the columns of its standard matrix A are
linearly independent, which happens iff every column of A is a pivot column.

e A linear transformation T is one-to-one if and only if the equation T(x) = 0 has a
unique solution (this is a consequence of the above fact, but it is worth noting).

Practice:

Things you need to be able to do/answer:

e “Given this particular formula for a linear transformation T, find its standard ma-
trix.” To do this, just plug in the vectors eq, e; etc. into the formula, then arrange
their images into a matrix.

e “Given this particular geometric description of a linear transformation T (usually
T : R? — R?), find its standard matrix.” To do this, draw a picture, and just look
at what the transformation does to e; and e;. You might need to remember some
trigonometry.

¢ You might be asked the reverse question: “If T has this standard matrix, describe T
geometrically.” To do this, look at the images of the vectors e; and e, when you mul-
tiply them by the given matrix, and try to work out what’s happening geometrically
(again, draw a picture). For exam purposes, you'll be given a list of possibilities,
which should make your job easier.



o “If T(c1e1 + c2e2) = (some given vector), and T(de; + dyez) = (some other given
vector), (where cy, ¢, dq, d> are some given numbers), find the standard matrix for
T.” (note that the question might involve more e;’s, or more equations, but the
idea is the same). You need to find T(e;) and T(ey). To do this, use the crucial fact
coming from the linearity of T (see above) to rearrange the equations you're given
into equations involving T(eq) and T(ey). Solve these equations.

e “If T is this particular linear transformation, determine if T is one-to-one (or onto).”
To do this, find the standard matrix of T as above, then row reduce and look at the
pivot positions.

2.1 Matrix Operations
Theory:

Key terms and ideas:
® ajj notation; diagonal entries; diagonal matrix; zero matrix.
e Sum and scalar multiple of matrices
e Multiplication of matrices: when is it defined, how is it defined.
e Powers of a matrix; transpose of a matrix
Key facts:
e Properties of sum and scalar multiples of matrices (cf. Theorem 1 on page 108)
e Properties of matrix multiplication (cf. Theorem 2 on page 113)
e Properties that don’t hold for matrix multiplication (cf. “Warnings” on page 114)

e Properties of the transpose (cf. Theorem 3 on page 115).

Practice:

This section is all about computations: computing sums, scalar multiples, products, pow-
ers and transposes of matrices. Also, you shouldn’t be scared if you see more than one of
these operations combined in the same question. Just remember the properties listed in
the various theorems, and take care of the order of operations (in particular, operations
inside parentheses get done before those outside the parentheses).



2.2 The Inverse of a Matrix

Theory:

Key terms and ideas:

Invertible matrix; singular matrix; the inverse of a matrix.

The determinant of a 2 x 2 matrix.

Key facts:

The idea of invertibility only applies to square matrices. Not every matrix is invert-
ible.

A 2 x 2 matrix is invertible if and only if its determinant is nonzero. If it is invertible,
there’s a simple formula for the inverse (and you should remember this formula) .

If A is invertible, then the equation Ax = b has the unique solution x = A~'b for
each vector b.

If A and B are invertible: (A~1)"! = A; (AB) "' =B 1AL (AT)"1 = (A~ DT,

A is invertible if and only if it is row-equivalent to I,;, and any sequence of row
operations which row-reduces A will transform I, to A~

Practice:

Things you need to be able to do/answer:

“Determine if this 2 x 2 matrix is invertible, and if it is compute its inverse.” To
do this, first calculate the determinant ad — bc. If it’s nonzero, the matrix is invert-
ible, and the inverse is obtained by swapping the diagonal entries, negating the
off-diagonals, and dividing everything by the determinant.

“Suppose A and B are invertible. Simplify the following expression (something like
(A-HT(BA)T(BT)~1)” 1 To do this, use the properties of the inverse (Theorem 6
on page 121) along with properties of the transpose, etc (see the previous section).
Remember that the product of anything by its inverse is I, and that just like the
number 1, the matrix I can be removed from any multiplicative expression.

“Calculate the inverse of this n x n matrix A (where n > 2; typically n = 3.)” To do
this, row-reduce the matrix [A | I,;]. When the left-hand side looks like I, the right-
hand side will be A~!. Check your answer by multiplying A~! by A and making
sure you get I,,.

ncidentally, this is equal to I.



2.3 Characterisations of Invertible Matrices

Theory:
Key terms and ideas:

e Invertible linear transformation.
Key facts:

e The Invertible Matrix Theorem (Theorem 8 on page 129). This brings together most
of the ideas we’ve seen so far. The idea is not to memorise this theorem (although
I suppose this wouldn’t hurt, if you're the kind of person who likes to memorise
things), but more importantly you should be able to go through it and understand
why all of the statements are equivalent. The key idea is that if A has an inverse,
then A can be “cancelled” out of equations by multiplying by the inverse.

e A linear transformation T : R” — IR" is invertible if and only if its standard matrix
A is invertible. In this case, the standard matrix of T-1is A~1.

Practice:

Things you need to be able to do/answer: This section is all about theory. A typical
question would be, “Which of the following statements is true/false?” followed by a list
of statements about invertible matrices, linear transformations, pivot positions, etc. To
answer such a question, read through the statements one by one, and see which one(s)
must be true, based on the invertible matrix theorem (and other theorems we’ve seen).
There’s really not much more to it than that.

2.8 Subspaces of R”

Theory:
Key terms and ideas:
e Subspace of R" - definition.

e Column space and null space of an m x n matrix.

e Basis for a subspace.
Key facts:

e Any set of the form span{S} is a subspace (S is any set of vectors).
e Col(A) and Nul(A) are subspaces.
e The pivot columns of A form a basis for Col(A).

e The vectors appearing in the PVF of the solution set of Ax = 0 form a basis for
Nul(A).



Practice:
Things you need to be able to do/answer:

e “Which of the following sets of vectors is a subspace?” To answer this, check which
one satisfies all three defining properties of a subspace.

e “Find a basis for Col(A).” Row-reduce A, and see which are the pivot columns;
then go back to A and take those columns from A as your basis.

e “Find a basis for Nul(A).” Add a column of zeros to A, row-reduce, and write the
general solution in PVFE. The vectors in this solution are the basis you want.
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e “Find a basis for the span of the following vectors.” Arrange the vectors as the
columns of a matrix, then find a basis for the column space of that matrix.

2.9 Dimension and rank

Theory:

Key terms and ideas:
e Coordinates of a vector relative to a basis.
e Dimension of a subspace.
e Rank of a matrix.

Key facts:

e Therank theorem: for any matrix A, rank(A) 4+ dim Nul(A) = number of columns in A
(to remember this theorem, just remember: rank = dimension of column space =
number of pivot columns, while dimension of null space = number of free variables
= number of non-pivot columns).

e The basis theorem: any set of p linearly independent vectors in a p-dimensional
subspace H is a basis for H. Likewise, any set of p vectors which spans H is a basis
for H.

e The invertible matrix theorem continued: we added a few new equivalent state-
ments to the IMT.



Practice:
Things you need to be able to do/answer:

e “Given a certain basis B = {ujy, ..., up} and a vector x, compute the coordinates of x
relative to B.” If the basis happens to be orthogonal, you can use the easier method
described below in section 6.2. If not, you want to solve the vector equation ciu; +
-+ +cpuy = x forcy,...,cp. So row-reduce the augmented matrix [u; ... up xJ;
you should find that there is a unique solution. Write this solution as a vector. Note
that the number of entries in your answer should equal the number of basis vectors,
not the number of entries in the original vector x.

e “Suppose the null space of a 6 X 7 matrix A is 4-dimensional. What is the rank of
A?” (or variations on this theme). Use the rank theorem: rank plus dimension of
null space equals number of columns. (In this example the rank is 3).

e Theoretical questions involving the invertible matrix theorem.

3.1 Determinants

Theory:
Key terms and ideas:
e Determinant of a 2 x 2 matrix.
e Determinant of an n X n matrix.
e Cofactor expansions.
e Triangular matrices.
Key facts:

e The determinant can be calculated by a cofactor expansion along any row or col-
umn.

e The determinant of a triangular matrix is the product of its diagonal entries.

Practice:

Things you need to be able to do/answer:

e “Compute the determinant of the following matrix.” We learned more methods for
doing this in the next section; see the list there.



3.2 Properties of determinants

Theory:

Key facts:

Adding a multiple of one row to another doesn’t change the determinant.
Interchanging two rows multiplies the determinant by —1.
Multiplying one row by ¢ multiplies the determinant by c.

Multiplying the whole matrix by c multiplies the determinant by ¢", where 7 is the
number of rows. i.e. det(cA) = ¢" det(A).

A square matrix is invertible iff its determinant is nonzero.
det(A) = det(AT)

det(AB) = det(A) det(B)

If A is invertible then det(A~!) = 1/ det(A).

WARNING: det(A + B) does NOT equal det(A) + det(B).

Practice:

Methods for computing determinants:

2 x 2 matrix: just use the formula det(A) = ad — bc.

Cofactor expansion: choose a row or column with as many zeros as possible. Re-
member to get the plus and minus signs right by drawing the little grid. This
method is reasonably efficient for 3 x 3 matrices, rubbish for larger ones.

The trick (3 x 3 ONLY!) Copy the first two columns of the matrix to the right of the
matrix; multiply along the diagonals and add/subtract the products: see Lay, page
191.

Row-reduction (recommended for most matrices larger than 2 x 2): row-reduce the
matrix to row-echelon form, putting a minus sign out the front each time you in-
terchange two rows, and putting a 1 out the front each time you multiply a row by
c. Once the matrix is in triangular form, multiply the diagonal entries together, and
then multiply by whatever you put out the front.

Symbolic calculations: eg “Given that A and B are 3 x 3 matrices with det(A) =5
and det(B) = —10, calculate det(2ATB~1).” (or variations on this theme). Use the
properties listed above to break the determinant into a product of determinants,
then simplify. In this example the answer is —4.



5.1 Eigenvectors and eigenvalues

Theory:
Key terms and ideas:

e Eigenvector of a matrix; eigenvalue corresponding to an eigenvector.

e Eigenspace corresponding to an eigenvalue (A-eigenspace= Nul(A — AI))
Key facts:

e The eigenvalues of a triangular matrix are its diagonal entries.

e Eigenvectors corresponding to different eigenvalues are always linearly indepen-
dent.

o Another addition to the invertible matrix theorem: A is invertible iff A does not
have an eigenvalue of 0.

Practice:

Things you need to be able to do/answer:

e “Which of the following vectors is an eigenvector of the matrix A?” Just multiply
each vector by A, and see which one gives an answer which is a scalar multiple of
the original vector.

e “Find a basis for the A-eigenspace of A.” Find a basis for Nul(A — AI); i.e., subtract
the number A from each diagonal entry of A, add a column of zeros, row-reduce,
and write the PVF of the solution. The vectors appearing there are the basis you
want.

5.2 The characteristic equation

Theory:

Key terms and ideas:
o Characteristic polynomial and characteristic equation of a matrix.
e Multiplicity of eigenvalues.

e Similarity of matrices (A is similar to B if there is an invertible P such that A =
PBP).

Key facts:



e The eigenvalues of A are precisely the (real) solutions to its characteristic polyno-
mial.

o If A is similar to B, then A and B have the same eigenvalues, with the same multi-

plicities.

Practice:

Things you need to be able to do/answer:

e “What is the characteristic polynomial of A?” Subtract A (a variable, not any par-
ticular number) from each diagonal entry of A and compute the determinant (here
you should use a cofactor expansion to compute the determinant) . The answer will
be a polynomial in the variable A. Factor it if necessary.

e “Find the eigenvalues of A.” Calculate the characteristic polynomial as above, and
then solve the corresponding equation. Don’t be afraid to use the quadratic formula.

e WARNING: You can't find eigenvalues by row-reducing to triangular form and then
taking the diagonal entries: this just doesn’t work!!

5.3 Diagonalisation

Theory:
Key terms and ideas:

e Definition: A matrix A is “diagonalisable” if there is an invertible matrix P and a
diagonal matrix D such that A = PDP~".

e “Diagonalising” a matrix means finding matrices P and D which work as above.
Key facts:
e A is diagonalisable if and only if A has 7 linearly independent eigenvectors.

e In this case, the columns of P are LI eigenvectors for A, and the diagonal entries
of D are the eigenvalues of A, arranged in the same order as the corresponding
eigenvectors in P.

e A matrix with n distinct eigenvalues is always diagonalisable. BUT the converse is
not true: just because a matrix is diagonalisable, it need not have n distinct eigen-
values.



Practice:

Things you need to be able to do/answer:

e “Diagonalise the following matrix A.” There is a 4-step procedure: (1) find eigenval-
ues of A. (2) for each eigenvalue, find a basis for the corresponding eigenspace. If
you get a total of n vectors, continue. If not, A is not diagonalisable. (3) Arrange the
vectors you found in (2) into the columns of a matrix P. (If you like you can rescale
the vectors to get rid of fractions.) (4) Construct the matrix D by putting the eigen-
values of A along the diagonal, arranged in the same order as the corresponding
eigenvectors in P.

e “Find A'S, where A is the given matrix.” (or some other power of A). If A is di-
agonal, just raise its diagonal entries to the 15™ (or whatever) power. If not, first
diagonalise A by finding P and D as above. Then use the rule A®> = PD>P~!: raise
the diagonal entries of D to the 15™" power, then multiply on one side by P and on
the other by P~! (which you’ll need to calculate).

6.1 Inner Product, length and orthogonality
Theory:

Key terms and ideas:
e Inner product of two vectors.
e Length of a vector; distance between two vectors; normalising vectors.
e Orthogonal vectors; orthogonal complements

e Angles: u-v = ||lul|||v| cosf. (Notice that since cos < 1 for all 6, this implies that
u-v < [lufffv]})

Key facts:

e Properties of the inner product (eg u - (v+ w) = u- v+ u - w, and the others)

e The Pythagorean theorem: u is orthogonal to v if and only if |[u + v||*> = |lu]|?> +
|[v||>. (Note that this formula is only true if the vectors are orthogonal: in general,
you can’t break up ||u + v|| into a sum of norms.)

Practice:

Things you need to be able to do/answer:

e Calculate norms, inner products, distances, etc.

e Decide when two vectors are orthogonal (just compute their inner product and see
if you get zero or not).



6.2 Orthogonal sets

Theory:
Key terms and ideas:

e Orthogonal set; Orthogonal basis.

e Orthonormal set; Orthonormal basis.

e Orthogonal matrix (remember, an orthogonal matrix has orthonormal columns).
Key facts:

o If B={uy,..., up} is an orthogonal basis for a subspace W, then the coordinates of
. . X-u;
a vector x relative to B are given by the formula ¢; =

u-u;
e A matrix U is orthogonal if and only if UTU = I. Then U is invertible and U~! =
ur.
Practice:

Things you need to be able to do/answer:

e “Which of the following sets is orthogonal/orthonormal?” To check if a set is or-
thogonal, take the inner product of each vector with each other vector and make
sure you get zero. To check if it’s orthonormal, first check that it’s orthogonal, and
then check that the inner product of each vector with itself equals zero.

e “Which of the following matrices is orthogonal?” Check that the columns of the
matrix are orthonormal (not just orthogonal). Alternatively, you can multiply the
matrix by its transpose and see if you get the identity matrix. If you do, the matrix
is orthogonal.

6.3 Orthogonal projections

(Note that the subject of orthogonal projections actually begins in Section 6.2 of the book)

Theory:
Key terms and ideas:

e Orthogonal projection of one vector onto another; of a vector onto a line; of a vector
onto a subspace.



e Orthogonal decomposition of a vector (i.e. writing a vector as a sum of two vectors,
one of which lies in a certain subspace, the other of which is orthogonal to that
subspace).

Key facts:
e The projection of y on u is given by the formula proj,y = Hu. This is a vector.

o If Wis a subspace and {uy,...,u,} is an orthogonal basis for W, then the projection
of y on Wis proj,, y = projul y + projuz y+---+ projup y.

Practice:

Things you need to be able to do/answer:

e “Compute the orthogonal projection of y on u (or on a subspace W).” Use the above
formulae.

6.4 The Gram-Schmidt process
Theory:

Key terms and ideas:

e The Gram-Schmidt process: what it is, what it’s good for.

Practice:

Things you need to be able to do/answer:

e “Apply the Gram-Schmidt process to the vectors {uy,...,u,} to obtain an orthogo-
nal set.” Use the procedure: (1) vi = uj. (2) vp = up — projVl us. (2%) If necessary,
rescale v; to kill fractions. (3) vz = u3 — proj,, us — proj,, us, and so on.

e “Same as above, but find an orthonormal set.” Same method as above, then nor-
malise each vector by dividing by its norm.

7.1 Orthogonal diagonalisation
Theory:

Key terms and ideas:



e Symmetric matrix.
e Orthogonal diagonalisation - what does it mean?
Key facts:

o If A is symmetric, then eigenvectors with different eigenvalues are orthogonal (not
just LI, as is the case for arbitrary matrices).

e Ann X n matrix A is orthogonally diagonalisable if and only if it is symmetric. That
is, a matrix has n orthonormal eigenvectors if and only if it’s symmetric.

Practice:
Things you need to be able to do/answer:

e “Orthogonally diagonalise A.” Carry out the usual diagonalisation procedure to get
an eigenvector basis; apply the Gram-Schmidt process if necessary (this will only be
needed if one of the eigenspaces has dimension 2 or higher); then normalise the
eigenvectors. These are the columns of P. Construct D in the usual way.



