Final exam. Math 230. Spring2005

December 13, 2006

Problem 1 (10 points) Suppose the acceleration of a particle in space is given
by

@ (t) = (sin(t), cos(t), 6t).

Suppose the particle starts at rest, i.e., v (0) = (0,0,0), with initial position
given by (1,2,3).

1. (4 points) Find the velocity v (t) at any time t;

2. (4 points) Find the position 7 (t) at any time t;

3. (2 points) Find the speed of the particle after m seconds.

( ) 3t2>

T(t) = 7) )+ f T)dr = (1,2,3) + fo —cos(7) + 1,sin(7), 372)dr =
(1,2,3) + <f0t( cos(T) + d7'7 fo sin(7)dr, fo 3r2dr) = (1,2,3) + (—sin(t) +
t 1,t3) = (—sin(t) +t + 1, —cos(t) + 3,3 +3>

Problem 2 (10 points) The curve consists of two smooth pieces: the first,
Cy, is a straight line segment connecting the points (3,—1) and (1,1) and the
second, Cy, follows the parabolic path y = x* from (1,1) to (2,4).

1. (8 points) Parameterize the path Cy, including bounds on the parameter;
2. (2 points) Parameterize the path Ca, including bounds on the parameter;
3. 5 points Compute fc(x + 2y)dx + sin(y)dy.

Parameterize C1: ¢ = 3 —t,y = —1 —¢,0 < t < 2. (Of course, there are
many possible parameterizations).

Parameterize Co: z =ty =121 <t < 2.

Jo! x+2y)dw+sin( )dy = (J¢, (x+2y)dz + [, sin(y)dy) + (/¢ (z +2y)dz +
S, sin(y)dy) = (J5((3—1) +2(=1 —))(3 —t)/dt + [ sin(—1— t)(—1 — t)'dt) +
(f12(t+2t2)( Ydt + [7sin(t?) (%) dt) = [7((1 —3t)(—1) +sin(—1 — t)(—1))dt +

(0 +f0 7)dr = (0,0,0) +f0 sin(7), cos(7), 67)dT = <f0t sin(7)dT, fot cos(7)
1,s

)
|V (m)| = (= cos(m)+1,sin(m), 3n%)| = [(2,0,37%)] = \/(2)? + (0)% + (372)2 =

dr, fot 67dT) =



SR+ 262)(1) + sin(t2)(2t))dt = [2(3t — 1 — sin(—1 — £))dt + [2(t + 242 +
2t sin(t2)dt = (3t2/2 — t — cos(—1 — t)[2) + (£2/2 + 23/3 — cos(t2)[2) = ((6 —
2 —cos(—3)) — (—cos(—1))) + ((4/2 4+ 16/3 — cos(4)) — (1/2+2/3 — cos(1))) =
61/6 + cos(—1) — cos(—3) — cos(4) + cos(1)

(cos(1) = cos(—1), of course)

Problem 3 (15 points) Let E be the set
E ={(z,y,2) € R*|2® 4+ y? + 422 < 12}.
Let f(x,y,z) = xyz. Find the absolute mazimum and minimum values of

f(z,y,2) in E.

Find the critical points f; = f, = f. = 0 yields yz = 2z = 2y = 0,
which is in turn equivalent to x = y = 0oraxz = 2 =0ory = z = 0.
The value of f(z,y,z) = 0 at all these points is zero. Clearly, 0 is neither the
absolute maximum nor minimum value (try, for instance, (1,1,1) and (—1,1,1)
to ensure).

Therefore, the absolute maximum and minimum values are attained some-
where on the boundary of the E (the surface of the ellipsoid) E. The first one
is only sketched here briefly. It involves making a change of variables w = 2z
to convert the ellipsoid to a sphere. Without loss of generality, we can consider
only z > 0 (since f(z,y,2) = f(—x,y,—z2), so the absolute max/min values are
also attained in the upper hemisphere) and so parameterize the upper hemi-
sphere. Then the problem amounts to finding min/max values of a function on
a circle, which can be done in polar coordinates (by setting the derivatives with
respect to r and 6 to be equal to zero).

Another solution uses the method of Lagrange Multipliers. Unfortunately,
the method cannot be applied directly as we studied it, because there is only
one constraint in this case, so the function is to be maximized or minimized on a
surface rather than on a curve. However, at the point where the absolute maxi-
mum or minimum is achieved, the gradient of f is still going to be orthogonal to
the surface of the ellipsoid, and therefore collinear with and proportional to the
gradient vector of g(x,vy,2) = 22 + y? + 422, giving the direction of the normal
line at this point. Vg(x,y, z) = (2z,2y,8z2) # 0 (it is nonzero on the surface of
the ellipsoid). V f(z,y,2) = (yz,zz,2y). Then V f(z,y,2) = \Vg(x,y, z), i.e

(yz,xz,zy) = N\(22,2y,8z). fx =0o0r y =0 or z =0, then f(z,y,2) =0,
which is neither the absolute minimum nor the absolute maximum, as discussed
above. Therefore assume x,y, z # 0.

= A2z, hence yz/x = 2\ = xz/y = xy/(4z). So that yz/xz = xzz/y,
therefore z2 = y?; yz/x = xzy/(4z), therefore 422 = 2. Assume now that
x,y,z > 0. In this case = y = 22, and with the condition 22 + y? + 422 = 12,
it gives the only point (2,2,1). If we now abandon the assumption z,y,z > 0,
we end up with 8 points: (£2,2,1), (+2,-2,1),(£2,2,-1), (+2, -2, —1).

The absolute maximum value: f(2,2,1) = f(-2,-2,1) = f(-2,2,-1) =
f(2,-2,-1)=4.

The absolute minimum value: f(—2,2,1) = f(2,-2,1) = f(2,2,—-1) =
f(=2,-2,—1) = —4. me six candidate points as above.



Problem 4 (10 points) Find parametric equations for the line of intersection
of the planes Py and Ps:
Pl:z+y+z=2and Po:y—32+6=0.

The normal vector to the first plane is n; = (1,1,1). (Indeed, viewing
the plane as a level surface, it is also the gradient vector at any point). The
normal vector to the second plane is 73 = (0, 1, —3). Taking their cross product,
W o=n] xny = (—4,3,1). As far as n # ﬁ, the planes are not parallel, so
there is one line which is their intersection. 7 serves as the direction vector on
this line. Now it suffices to find any point in the intersection of the planes to
determine the line completely.

It means, find any triple (z,y, z) such that xt+y+2z =2 and y —32+6 = 0.
As far as there are three variables and only two equations here, let us make an
arbitrary decision: let z = 0. Then z + y = 2 and y = —6, so that x = 8. Thus
the point (8, —6,0) lies on both planes. The parametric equations for the line
of intersection of the planes are therefore

x=8—4t,y=—-6+3t z=1t (—o0 <t < +00).

Problem 5 (10 points) Consider the function
f(z,y,2) = In(1 + xyz) + €* cos(xy)

where x = ucos(v), y = usin(v), z = u?.

Find the value of % when u =2 and v = 0.

When u = 2 and v = 0, #(2,0) = 2cos(0) = 2, y(2,0) = 2sin(0) =

z = 22 = 4. Apply the Chain Rule to simplify the computations. g—i = %%ﬁ +’
% gz gJZc gi gi = cosv, g—y = sinw, gz = 2u. In particular, g—i w20 =
cos(0) =1, §4[,_, o =sin(0) =0, Z| ,  =2-2=4

O (2,y,) = 1 — ye* sin(ay),

of Tz

H0:2) = s — e sina),
L 0.2) = s 4 conlay).
When v =2 and v = 0, 895 w=2=0 = gf; (x(u,v), y(u, v),z(u,v))|u=2,v_o =
(204)—m—0681n(2 0) 0.
Slmllarly7 (2 0,4) = 1+204 —2-¢e*sin(2-0) =8 -0 =8 and af £(2,0,4) =
1+2200 7 +e Cos(2 0)=0 ;— et - cos(0) = et. ) ) )
Finally, 22, _, o = % (@(u,0), y(u, ), (1)) 2 (u,0)+ 2L (1, )y, v), 2, 0) 22 (o, 0)+
5L (w(u,v), y(w,v), 2(u,0) G2 (w,0)] o = (0)-(1)+(8)- (0)+ ()] (4) = de?.
A straightforward solution Wlthout2 the Chain rule would be to evaluate
%(ln(l + (ucos(v))(usin(v))(u?)) + e* cos((ucos(v))(usin(v ))))|u:2,v:0

Problem 6 (5 points) Suppose that [, f(x,y)dA = 16 where D is the trian-
gular region on xy-plane with vertices (1,0), (3,0) and (2,2). Find the average
value of the function f over the region D.




This problem is very simple, it just test whether you remember the definition

of the average value of a function over some region. By the definition, the average
value of the function f over the region D is f,ve = %721)/(114 where A(D) is
the area of D. In this case, A(D) = %2 = 2, therefore f,ve = 10 =8.

Problem 7 (15 points) Let S be the boundary of the region of space E in the
first octant, bounded above by z = 4—+/x% + y2. Let S be oriented corresponding

- — —

to outward facing normal vectors. Compute [[o F - dS where F = (sin(z) +
— — —
e®) i + (1 —ye®) j + (32 — cos(z?)) k .

It is important to understand the problem statement.
Pause for a little and describe the region E.

It is crucial that you understand, which region is meant. Otherwise you
won’t solve the problem.

Hint: z = 4 — /22 + 32 does not describe a sphere or a part of a sphere.
(Squaring both sides yields z? = 16422 +y% —8+/22 + y?). For simplicity, start
from z = —/22 + y2. It is the lower half of the cone 22 = 22 4 y2. Therefore,
z =4 — \/x? 4+ y? is the same lower half of the same cone, translated 4 units
along the z-axis. Finally, we keep only the part in the first octant.

There is yet another trick in this problem. What is S, the boundary of E?
Pause for a little and describe the surface S.

Hint: S is not just the part of the half-cone z = 4 — /22 + 32 that lies
in the first octant. S is the boundary of E. The boundary of E consists of
four smooth pieces, three of them lie in the three coordinate planes. It is too
time-consuming to evaluate the integral in question directly.

Recognize that what is asked is to find the outward flow of the vector field F’
(i.e. the surface integral of the normal component of F') through the surface S.
The Divergence Theorem can be applied. (The component functions of ? have

- — —
continuous partial derivatives everywhere). Then [[ F -dS = [[[, div FdV by
the Divergence Theorem.

di?]? _ 6sinéi)+el + Blggez + 63zfaccz)s(m2) = e” — ¥ +3 = 3. Thus, fff‘)

ds = JJ[3dV = 3V(E), three times the volume of E. The volume of E can
be found as 1/3 - (AreaoftheBase) (Height) = 1/3 - (47742) 4 = 167/3 or

by direct integration, V(E) = Tr/z fo r,0)rdrdd = Tr/2 fo (4 — r)rdrdd =
f”/Q( 3/3| do = ”/2(32 64/3)d9 =2(96/3 — 64/3) =732 =167/3.

Therefore, [ F.dS = Iz divFdV = [J[3dV = 3V(E) = 3(167/3) =
16m.

Problem 8 1. (2 points) Let F = (P,Q) and let C be a piecewise smooth
curve bounding a closed region D of the plane. Explain what it means for
C to be positively oriented.



2. (3 points) State Green’s theorem for the situation described in part (a).

3. (10 points) Compute $ . cﬁ“ where C' is the positively oriented boundary
of the region D bounded above by y = 4—2x2 and below by the x-axis, where

F(z,y) = (~42/2 - cos(y), (y* — 2)/* + zsin(y)).
Note: there was a typo in the problem statement, + cos(y) instead of
—cos(y).

A simple closed curve is positively oriented if, as ¢ increases, it is traversed
in counterclockwise direction.

Let C be a positively oriented, piecewise-smooth, piecewise closed curve in
the plane. Let D be the region bounded by C. If P and @ have continuous
partial derivatives on an open region that contains D, then fc Pdx + Qdy =
JIp(52 = 55)dA.

C’ con81sts of two smooth pieces, C7 and C5. Parameterize the first smooth
piece, C1: z = t,y = 0,—2 < t < 2. Parameterize the second smooth piece,
Coz=2—-t,y=4—(2— t)2,0 <t < 4. Note that it would have been wrong
to parameterize the second piece as © = t,y = 4 — t2, -2 < t < 2, because the
orientation should be positive.

Apply the Green’s theorem. P(z,y) = —y?/2 — cos(y), Q(z,y) = (y* —
)3 4 zsin(y), F(z,y) = P(x, y)? + Q(z, y)7 In fact, it is false that @Q has
continuous partial derivatives on an open region containing D (on the contrary,
if y = /2, then %—2 does not exist). This is, probably, a mistake in the problem;
however, it turns out that the Green’s Theorem still can be applied in this
partlcular case.

fF dr—ffD 8—Q—£ YdA = ffD sin(y))—(—y-+sin(y)))dA = [[,(y)dA =

4—a? 4—2%)? —
f f y)dydz = f 2y2/2|y = f—z% T = f_2 168++xd$ —
w| _ 32— 64/3+32/5 | B264/3-52/5 _ G4-128/3464/5 _ g9 (1 _
2 -2 2 D) 5 =

2
2/3+1/5) =32 13=1043 — 39. 8 — 236,

Problem 9 (15 points) 1. Using curl, show that F(x y,2) = (x2+ye®, e®
ycos(z),2zx + 2y?sin(z)) is conservative.

2. Find a potential function for F.

8. Compute [, F -dr where C is given by (4cos® t,4sin°(t),t) where t varies
from 0 to 7.
— — -
- - ! J k
curl F = VX F = ai 8% @ = (8%(2256—1—
22 +ye® e¥ —ycos(z) 2zx + 2y 2sin(z)
— . —
y*sin(z)) — (" —ycos(2))) i 1(%(22 +ye’) - %(2”: 3y sin(2))) J +
e (e" —ycos(2)) — g5(2* +ye”)) k = (ysin(z) —ysin(2)) i + (22 —22) j +
—

- = 3 — B
—e*)j = 0. F is defined on R” and curlF = 0. (Also, its component

8
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functions, 2% 4+ ye®, e — ycos(z) and 22z + 1y?sin(z) have continuous partial
derivatives). Therefore, F' is conservative.

By definition, a potential function for F, g(x,y, z) must satisfy Vg(z,y, z) =
N gm($7y72)222+yem
F(z,y,z). That is, { gy(x,y,2) = e* —ycos(z)

g:(z,y,2) = 2zx + Fy*sin(z)

Start from any of the three conditions. For instance, g,(x,y,2) = e* —
ycos(z). It implies that g(x,y,2) = ye® — % 0s(z) + h(z,z) (how otherwise
can it be the case that g, = e” — ycos(z)?). In fact, this is just (partial)
integration: g(z,y,2) = [ gy(x,y,2)dy+h(z,2) = [(e* —ycos(z))dy+h(z,z) =
ye* — % cos(z) + h(z, 2).

Substitute this result into the other two conditions. g.(z,y,z) = 22 + ye®,
but g.(z,y,z) = %(ye"” — % cos(z) + h(z,z)) = ye* — 0+ 6h(w z)
9:(2,y,2) = 2z + 1y?sin(z), but g.(z,y,2) = %(ye - % cos( )+ h(x,z)) =
% sin(z) + Lg’z).

Comparing these results, we conclude that = 2zx.
Applying the same method to find h(z, z) (since we know Vh(z, z) = (22, 2zz)),
h(x,z) = xz? + p(z) and, substituting, %Z’Z) = 2zz + p'(2) = 2zx, so that
p'(z) =0, p(z) = C (any constant) and h(x,z) = 2% + C. Finally, g(z,y,2) =
ye* — % cos(z) + h(x, z) = ye® y2 cos(z) + x2% 4+ C works for any constant C.

. Similarly,

Oh(w,z) _ 22 and Oh(zx,z)

In particular, taking, say, C = 0 V(ye® — y cos(z) +x22%) = (ye® + 22, €% —
ycos(z), % sin(z) + 2zx) = F(w, Y,2), as requlred.

C is a smooth curve and F is conservative. Thus, [, Fdr= g(7 (7)) —
g(7(0)), where g(x,y, 2) is a potential function for ' and the curve C is given

by 7 (t) = (4dcos® t,4sin®(t),t), 0 <t < m.

Then 7 (7) = (4 COS3(7T),4Sin3( ), ) = (—4,0,7) and 7 (0) = (4 cos(0),4sin’(0),0) =

- -
(4,0,0). Hence, [, F -dr = g(—4,0,7) — g(4,0,0). Taking g(z,y,z) = ye* —
3’2 cos(z) + x2% found above g(—4,0,7) = 0e™* — %COS(TF) + (—4)m? = —4n?
and g(4,0,0) = 0e* — % cos(O) +4-02=0.
- —
Finally, [, F - dr = (—47?) — (0) = —4=°.

Problem 10 (10 points) Let F = Z_ﬁ(x,y,z) denote a vector field, and f =
f(z,y,2) denote a scalar function. Determine whether each of the expressions
yields a vector field, a scalar field or has mo meaning. Each part is worth 1
point.

1. curl(Vf) is a vector field, since V f is a vector field.

2. div(div?) has no meaning, since div F is already a scalar field, but the
(outer) div should be applied to a vector field.

3. V(V x ?) is a vector field, the curl of the curl of F.



.~

F- (V x ?) is a scalar field, the dot product of two vector fields.
5. curl(curlf) is meaningless, since the curl of a scalar field f is undefined.

6. div(curlgradf) is a scalar field, the divergence of a vector field curlgradf.

7. V(f') -V f) is a vector field, the gradient of a scalar field, which is the dot
—
product of two vector fields, F' and V f.

8. curl(f) x div(l_ﬁ) is meaningless, since curl(f) is undefined.
9. V(div?) is a vector field, the gradient of a scalar field divF .
10. (V x f’)) -V f is a scalar field as the dot product of two vector fields.

Problem 11 (15 points) Using Stokes’ Theorem, evaluate the outward flux of

— — = —
curl F', i.e. ffs curl F' - dS where F' = (z,y,y) and S is the non-closed surface
consisting of the part of the cylinder x> +y%> =4 in 0 < z < 4 and the part of
the plane z = 4 inside the cylinder x% + y° = 4.

The Stokes” Theorem makes this problem extremely simple. The most dif-
ficult part is to imagine (or sketch) the surface S and to find out, what is
the boundary curve (if there is only one). In fact, the boundary curve C
is just the circle 2 + y? = 4 in the zy-plane. C can be parameterized as
x = 2cos(t),y = 2sin(t),z = 0,0 < t < 2x. This orientation is positive, be-
cause it agrees with the orientation of the surface. (Provided it is clear from
the problem statement, what is the ’outward flux’, because, strictly speaking,
the surface S is not closed).

Then, by the Stokes’ Theorem, fc Fodr= ffs curl F - (79, and this is what
we want to find. It is simple to evaluate f c ?(ﬁ In fact, Fis always orthogonal
to the curve C. Pick a point on the curve, 7 (t) = (2cos(t),2sin(t),0). The
the tangent vector at this point is 7/(t) = (—2sin(t),2cos(t),0), and 7/(t) -
?(2 cos(t),2sin(t),0) = (—2sin(t),2cos(t),0) - (2cos(t),2sin(t),2sin(t)) = 0,
using the fact that ﬁ)(x,y, z) = (z,y,y), as given.

Thus, 0 = fcf)cﬁ“ = ffscurl?-fg.

Another way to get this answer is to observe that curl F = (1,0,0)
The flow of curl through the circle 22 + y? < 4,z = 0 (i.e. the part of the
plane z = 0 inside the cylinder 22 + y? = 4) is therefore zero (because curl F is
parallel to the zy-plane). Hence, we can, without loss of generality, add to S the

bottom part (the circle, mentioned above) — the flow through this side is zero,
so it won’t change the answer. But now we need to find the outward flux of the

-
= 1

curl? through a closed surface, which is zero, because curlﬁ> is incompressible
(and by the Divergence Theorem).

- — —
Problem 12 (15 points) Evaluate the line integral [, F - dr, where F =
(e=™ + tan(z), 22, e* + cosh(z)) and C is the boundary of the part of the plane



2z + 2y + z = 10 in the first octant, oriented counterclockwise when viewed from
above.

(Note that cosh(z) = ez+2672 , not to be confused with cos(z)).

The mentioned part of the plane is obviously a triangle. What are the
coordinates of its vertices? Find the intersections of the plane 2x + 2y + z =0
with the coordinate axes.

z-axis: substitute y = z = 0, obtain 2z = 10, or x = 5. y-axis: substitute
x = z = 0, obtain 2y = 10, or y = 5. z-axis: substitute z = y = 0, obtain
z = 10. Therefore, the three vertices of the triangle are (5,0,0), (0,5,0) and
(0,0,10).

C is piecewise smooth, it consists of the three sides of the triangle. C' = C7 +
Cy+4 Cs. C; goes from (5,0,0) to (0,5,0), Cy goes from (0, 5,0) to (0,0,10) and
C5 goes from (0,0, 10) to (5,0,0). Then C' is indeed oriented counterclockwise
when viewed from above.

Parameterize:

Ci:zx=5-5t,y=5t2=0,0<t<1.

Co:x=0,y=5—->5¢t 2=10t,0<t < 1.

Cs:z=5t,y=0,2z=—-10t,0<t < 1.

— = - — = — - —

Then [ F -dr= [, F-dr+ [, F -dr—|—fC3 F .dr =2

Here a significant simplification can be achieved. Represent F(z,y,z) =
<eix + tan(x), QS‘2, 6Z2 + COSh(Z)> as F(.’B, Y, Z) = Fl(xa Y, Z) + FQ(xa Y, Z)a where

Fi(z,y,2) = (e~ + tan(z),0,e* + cosh(z)) and Fy(z,y,z) = (0, 22,0).
- — - — — =
Then [, F -dr = [, Fi-dr+ [, F,-dr. But F} is conservative (easy to see

— —

— — - —
that curlFy = 0) and C is closed; therefore, [, Fy-dr =0 and [, F -dr =
— = — = — = - —
0+1€F2'd—7::fch2~dT+fCZF2~dT+fCSF3'd7‘.

F, = 22§, so now a direct evaluation is possible. Using the parametrization
for Cy, [, Fy-dr = [, Odz + 22dy + 0dz = [, ady = [}(5 — 5t)%y' (t)dt =
or hfcl 2" T*fcl T+ x7ay + Z*fcl‘x y*fo( — 5t)%y'(t)dt =

3
Jo (5= 5t)2(5)dt = E=207| = 125/3.
= 7 2 1 2 ’ . . .

In fact, [, Fo-dr = [ a*dy = [;(0)*(5—5t)'dt = 0, indeed, Cs lies in the
yz-coordinate plane, i.e. x = 0, so that Fy is zero for all points on Cy. Also,

- —

Jo, Fo-dr = [, a*dy = f01(5t)2(0)’dt = 0. Since Cj lies in the zz-coordinate
plane, i.e. y = 0, integrating with respect to y can give only zero. In terms
— T —
of vector fields, |, o, F2- dr = 0, because F5 is orthogonal to the xz-coordinate
plane, containing the curve C5, the tangential component of F5 along the curve
Cj is, therefore, always zero.
— = — — — — — — — —

Therefore, [, F -dr = [, Fy-dr = fCl Fy - dr + sz Fy - dr + fC3 Fy-dr =

125/3+ 0+ 0 =125/3.

Problem 13 (5 points) Convert the triple integral [[[.(x+ 2z)dV where E is
the solid region in xyz-space that lies above the cone z = \/x% + y? and inside
of the sphere x> +y?+22 = 9, into spherical coordinates. DO NOT EVALUATE
THIS INTEGRAL.



FE can be viewed as a spherical wedge. It is described by two conditions:
¢ < 7/4 (above the cone ¢ = w/4) and p < 3 (inside the sphere). So that
E={(p.0,0)0<p<3,0<0<2m,0<¢<7/4

Using © = (psin(¢))cos(f), z = pcos(p), we can rewrite the integral as

g+ 2)av = [ [27 [3((psin(6)) cos(8) + peos(6))p? sin(¢)dpddds.



