ECON 4323/5301 Homework 1 Solutions

Fall 2007
September 25, 2007

1. Let k=17,

2 3 1 0 1 -1
a=( 2 g ) mas=( 4 )

Calculate A+ B, B — A, kB, At, AB, and AB!, if possible.
2 4 0
A+B_(4 —2 4)’
—2 -2 -2
B_A( 4 0 0 >

0o 7 -7
kB_<28 -7 14)’

(a) (5 points)
(b) (5 points)
(c) (5 points)
(d) (5 points)

(e) (5 points) AB is undefined, and

(f) (5 points)

2. Find the determinant (5 points each) and the inverse (5 points each) of
each of the following matrices:

2 6 0 5

2 4 0
2 1 6 21 8 17
A‘<1 1)’B_<_46 _610 g),andC— 4 12 —4 13
0 -3 —12 2



(1 -1

-5/2 0 -1
det(By=—-12,B~' = 3/2 0 1/2 |,
/3 1/3 1/3

2 9/2 —15/2 11/2
1/3 —7/3 10/3 —8/3
~1/4 3/4 -1  3/4
-1 1 ~1 1

det(C) = —24,071 =

3. (5 points) Calculate the solution to the following system of linear equa-
tions:

20 +2y—2z = 2
r+y+z = -2
2z —4y+3z = 0.

(-T7 Y, Z) = (17 _1a _2)
4. (5 points each) Determine the definiteness of the following symmetric ma-

trices:
2 -1
A_<1 X )

The 1st and 2nd order leading principal minors are 2 and 1, respectively,
so A is positive definite.
-3 4
B= ( 2 ) |

The 1st and 2nd order leading principal minors are -3 and -28, respectively,

so B is indefinite.
-3 4
-7 1)

The 1st and 2nd order leading principal minors are -3 and 16, respectively,
so C' is negative definite.

3 0 3
D=0 1 =2
3 -2 8



The 1st, 2nd, and 3rd order leading principal minors are 3, 3, and 3,
respectively, so D is positive definite.

-3 2 0
E= 2 =3 0
0 0 -5

The 1st, 2nd, and 3rd order leading principal minors are -3, 5, and -25,
respectively, so E is negative definite.

1 2 0
F=1| 2 4 5
0 5 6
The 1st, 2nd, and 3rd order leading principal minors are 1, 0, and -25,

respectively, so F' is indefinite.

. Find the first (5 points) and second (5 points) derivatives of the following
functions:

(a) f(x) =2a" + 325 — 42 +5

f(x) 72% 4 182° — 8z,
f(x) = 422° +90x* - 8.

(b) flz)= (32 = 1)(a®+7)
fl(x) = (922)(2® +7) + (32 — 1)(2z) = 152" + 6322 — 2,
() = 6023 + 1262 — 2.

(¢) fz)=(2*=1)/(2*+1)

flla) = Qo) +1) - @ -1)(2x) _ 4z
(@4 17 @+ 1P

Py = AP (D)6 1)) 41202

' - (zQ + 1)4 o (1‘2 4 1)3

(d) f(z)= (2% — 422 +1)°

fl(x) = 5(2®—42® 4+ 1)*(32% — 8z) = (152% — 402)(2® — 4% + 1)*,
f'(x) = (302 —40)(z® — 42% + 1)* + (152% — 40)(4) (2> — 422 + 1)3(32% — 8x).



flz) = 20713 3272
2
f'x) = —gx_‘l/?’ + 6273,

(f) fla) = 3

(2.,1; + 3)6362-‘1-3367
@) = 267 4 (20 +3) (22 + 3)e” T3 = (24 (22 + 3)2)e™ T3 (2 + (22 + 3)?).

(8) f(z) =In(2?+4)

)
&
[

, _ 2z
fi(z) 24
ey~ D) — ()0,

(a2 + 4)2

6. For the following functions, find the slope of the tangent line at x =5 (5
points each) and determine the intervals where f is increasing (5 points
each):

(a) f(x)=32%—122+13
The slope of the line tangent to f at x =5 is
f'(5) = f'(@)|a=s = 62 — 12[p=5 = 6(5) — 12 = 18.
f is increasing for x such that f/(z) > 0. We can see that
f(z)y=6x—12>0=2>2.

Thus, f is increasing for = € (2, 00).

(b) f(z) =2z/(2*+2)
The slope of the line tangent to f at x =5 is

(2)(z% +2) — (22)(22) 4 — 222 46

F1(5) = f/(2)]oes = CEDE los = mu:5 -

f is increasing for z such that f’(z) > 0. Since

4 — 222
f’(q:):(ﬂ%w>0:4—2x2>0:>2>x2:>\/§>x>—\/§,

it follows that f is increasing for = € (—v/2,v/2).



7. (10 points) Let f(z) = 10z®, where ¢ > 0. For what values of a is f
convex? Concave?

To simplify the problem, restrict the domain of f to Ry. We know that
f is convex when f”(z) > 0 and that f is concave when f”(x) < 0. Since
f"(x) = 10a(a—1)x*~2, we can see that f”(x) > 0ifa > 1 and f”(z) <0
if a < 1. Thus, f is convex if a > 1 and f is concave if a < 1.

8. Find all the first- and second- order partial derivatives of the following
functions:

a) (10 points x,y, 2) = 3xyz + 22y — x2°

(a) (10 points) f(z,y,z) y y

fo = 3yz + 2xy — 23, y = 3xz + 2%, f. = 3zy — 322,

f;cac:2y7fxy:fyac:3Z+2Iafxz:fza::3fg_3z2v
fyy:Oafyz:fzy:?)xvfzz:_6$z~

(b) (10 points) f(x,y,2) = 2*/(yz)

PR
T = yz’ y — y227 z = yzQ’
1222 4a3 43
fww:?afwy:fyw:_%afmz:fzx:_ﬁa
_2;104 _ _ xt _2m4
fyy—ﬁafyz—fzy—ﬁafzz—y?-

(c) (not graded) f(z,y,z) = (2 + y3 + 21)°

fo = 6(x* +9%+2M5(22) = 122(2® + 43 + 2*)5,
fo = 62 +y*+2")°(3y%) = 18y%(2” + ¢* + 2*)°,
fo = 6(x? + 9>+ 2M)65(42%) = 2423 (2% + P + 2*)5,
fee = 12(2% 453 + 2% +122(5) (2% + ¢ + 21)*(22)
= 12(2® + 3> + 24)° + 12027 (2 + 3y + 24)?,
foy = fye = 60x(z® + %+ 24)*(3y?) = 1802y? (22 + v* + 2*)4,
for = fow = 60x(z? 4+ 4> + 214 (423) = 240223 (22 + 3 + 24)*,
oy = 36yY(a® +y° +21)° +18y°(5)(2* + y” + =) (3%)
— 36y(2 +y + 21) 4 2704 (22 + 7 + 2N,
Foo = oy = 90y2(x? + 4 + 21 (42%) = 3605223 (% + o + 24",
for = 72222 + 43 + 21)° + 2423 (5) (2 + P + 211 (423)

= 722%(2 + o3 + 25 + 48020 (2 + 92 + 2%
oints x =z“+e
(d) (10 points) f(x,y) = 2* + €

fo= Qxafy = 262y7f3:9c = vaacy = fya: = Oyfyy = 4.



(e) (10 points) f(z,y) =ylnz
fe=vy/x, fy =nz, fo, = —y/m2,fxy = fya =1/, fyy = 0.
(f) (not graded) f(x,y) = zy? — e™¥

fo =P —ye™, fy = 2wy—ae™, fon = —yP€™, foy = fyx = 2y—"V—aye™, f,, = 2x—a’e™.



