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§ Linear Differential Equations of Higher Orders 
 As a first step, we must look at the idea of linear independence. 

 Consider the set of functions: )(,,)(,)( 21 tututu n"  

 A linear combination of these functions is: 
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Can be satisfied with at least one 0≠jc  then the set of functions )(tu j  are linearly 

dependent. The name arise because for 0≠jc , we can write 
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Linear Independence occurs when 0)(
1

=∑
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n

j
jj tuc  is satisfied only by taking all 0=jc . 

Then )(tu j  are linearly independent. 

Usually, the state of the functions can be determined by inspection. In some cases, the 

following is useful: 

Assume the )(tu j  are linearly dependent. Then: 
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In matrix form: 
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Because at least one 0=jc , the determinant of the matrix )( nn×  denoted by )( juW  

must be zero. 

i.e. linear dependence 0)( =⇒ juW  

which gives:     ⇒≠ 0)( juW  linear independence 

Note:  N
implynecessary not  does

0)( ≠>=juW  linear dependence 

 

Example 

(1)     wxuwxu sin,cos 21 ==  
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21 anduu∴  are linearly independent. 

 

(2)     xx xeueu == 21 ,  

[ ] 01
)1)()((

)1(
),(

22

2

21

≠=−+=

−+=

+
=

xx

xxx

xx

xx

exxe
xexee

xee
xee

uuW

 

21 anduu∴  are linearly independent. 
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(3)     nxmx eueu == 21 ,      nm ≠  
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nxmx ee and∴  are linearly independent provided nm ≠  

 

(4)     Consider the set of polynomials 
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ju∴ ’s are linearly independent. 

 

 

 

Existence and Representation Theorem: 

Given the ordinary, homogeneous, linear differential equation, 
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in which )(,,)(,)( 10 tatata n…  are continuous functions of t  in some interval I  of t , 

and which 0)(0 ≠ta . 
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(a) Equation (3) has n  linearly independent solutions for t  in I . 

If )(,,)(,)( 21 tytyty n…  are n  linearly independent solutions of Equation (3), then 

)()()( 2211 tyctyctycy nn+++= "  is also a solution, and conversely every solution 

of Equation (3) can be represented by an appropriate choice of the constant jc . 

(b) The inhomogeneous form of Equation (3) is given by 
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where )(tf  is continuous in I . 

If )(tY  is a solution to Equation (4), the  

)()()()()( 2211 tyctyctyctYty nn++++= "                                                         (5) 

is a solution to Equation (4), and conversely, every solution of Equation (4) can be 

represented by an appropriate choice of the constants in Equation (5). 

 

 

 

Existence and Uniqueness Theorem 

Under the same condition as above, for every point 0t  in I , and for every set of 

constant njk j ,,2,1, "= , there is one and only one )(ty  to Equation (4) satisfying the 

condition 
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(superscript denotes derivative) 
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§ Linear Differential Equations for Higher Orders  

–Case of Constant Coefficient 

For constant ia , we have  
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(superscript denotes derivative). 

Try mtAey =  
mtmAey =′ , etc. 

Equation (6) becomes: 
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If 0=A , then we have the trivial solution: 0=y  (which, in general, we don't want). 

Therefore we have left the characteristic equation 
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In general, we have n -distinct solutions, njm j ,,2,1, …= . So we have for 

nj ,,2,1 …= , tm
jj

jeAy =  

If this set is linearly independent (it is), the complete solution to the homogeneous 

equation is: 
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n
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Worked Example 1: 
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⇒ tt eAeAy −+= 21                                                                                                      (1) 

This is called the general solution for the homogeneous differential equation. 21 and AA  

are arbitrary constants. They will be determined by Initial or Boundary conditions. 

e.g. Initial value provided 

2)0(,4)0(;0 −=′==−′′ yyyy  
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(i) 0)0( =y : 

40 21 =+= AA                                                                                                        (2) 

(ii) tt eAeAty −−=′ 21)(  

2)0( 21 −=−=′⇒ AAy                                                                                                    (3) 

(2) and (3) 3;1 21 ==⇒ AA  

or tt eey −+= 3  

 

Worked Example 2: 
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Apply initial conditions 

(i) 4)0( =y  

⇒ 214 AA +=                                                                                                                  (2) 

(ii) 5)0( −=′y  
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(2) and (3) 3,1 21 ==⇒ AA  
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In general form, 
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3 cases: 

(i) 042 >− ba : two real roots 

(ii) 042 =− ba : one double root 
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(iii) 042 <− ba : two complex roots (conjugate pairs) 

So far, we have taken case of (i). 

 

The above outlines the typical case, but there are a number of features we must 

examine. 

 

 

(i) Complex roots: 

In some cases, the characteristic equation (Equation (7)) has roots that are 

complex, e.g. ibam += . To generate the real solution, we use Euler formula: 
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Note: If complex roots occur, they occur in conjugate pairs. 
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Note: 21 and AA  are complex for y  to be real. 
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For y  to be real, choose 21 aa =  and 21 bb −=  

222
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 →Complex Conjugate 

 

Take this to be the case, and calling ( )21 aa + , 1c  and ( )21 bb −− , 2c , we have as 

the solution 

[ ]tctcey t 2sincos 21 += −  

in this case 1c  and 2c  are real. 

 

 

Worked example: 
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It has been shown that tsin  and tcos  are both solutions. Thus 

tctcy sincos 21 +=  

is the general solution. 

 

It is not necessary to do this every time. In the future, we should be able to 

see that we can go: 
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then we can say: 

[ ]tctcey t 2sin2cos 21 += −  

 

(ii) Repeated roots: 

If the characteristic equation: 
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has a twice repeated root 1m  
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then one standard procedure will only generate 1−n  linearly independent solution 

of the form 
tm

jj
jeAty =)(  

Question: How do we generate the required n -th solution? 

The two solutions corresponding to a repeated root are: 
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Note: This is valid only if the differential equation is linear and with constant 

coefficients. 

 

Example:   solve  0485 2
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In the case of a root repeated p  times, the solution of the general equation is: 
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§ Equidimensional Equation 
                  (Other names: Cauchy's Equation or Euler's Equation) 

Consider: 
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The equation can be reduced to equation with constant coefficient by a change in the 

independent variable: 

Let zex =  
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Similarly, it can be shown that: 
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With z  the independent variable, the equation has constant coefficients and the solution 

is found from assuming mmz xey == . So we can solve the original homogeneous 

equation by assuming mxy = . 

 

Example: 
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(b) Transform by zex =  
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Repeated roots: 

In the z  version, a repeated root would give: 
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With zex = , xz ln=  
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In the case of a root repeated p  times, the corresponding part of the solution is 
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factor it out 
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