Review for the Mid-Term Exam
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Mid-Term Exam
Date: March 13 (Thursday), 2008 Total Scores: 180 points

Time: 11:00pm-12:20pm Part I: Comprehension: 80 pts

Part 2: Computation: 100 pts
Place: Rm 112, Nedderman Hall

Part 1: 4 problems
® Simple derivation e Simple computation eSelect stress function

Part 2. 3 problems(2+1HW)
® Take Home (one problem from HW#6)
® In-Class

® Similar to the homework problems or examples given in
the text/lecture notes

®Each problem may contain several sub-problems.
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Exam Contents and Grading

® At least one problem from each chapter
® Equations used for the computation will be provided.
® Generalized Hook’s law will not be given.

® Problems with tedious mathematical manipulation
will be avoided.

® Long derivation will not appear in the exam.
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Exam Contents and Grading
(continued)

® Partial scores for both derivation and
computations will be given.

® Partial scores will be given for providing the
procedures of derivation/computation if the time
IS running out.

® Small bonus points may be given if the
engineering judgment is provided for your far-
from-make-sense results.

* CHEATING WILL BE REPORTED TO SCHOOL.
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Chapter 1

Analysis of Stress
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Chapter 1- Review

® Stress Transformation
® Principal Stresses and Maximum Shear stress
® Stress in a given plane

® Stress Invariants

® Octahedral Normal and Shear Stresses
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Stress Transformation

I3 mj
~3X3 B _
Oy O M2 n2
oy | =T @)} oy T,@)=| n? m?
Tyy' T xy —mn mn
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1.8 Principal Stresses in 3-D State of stress

Equation (1-16) gives,

P Oy Ty To || o, 0 0}l
P l=|7yy o 7, |M|={ 0 o, 0 |m
P, Ty Ty O, \N 0O 0 o,/n
o, =0, Ty T, |
Sl Ty c,-0, Ty, m|=0
T, Ty, o,—0, \n

To satisfy the above equation, we have
O'p — Oy Z'Xy Ty,

Ty c,—0, Ty =0

Xz Tyz O-p — 0,
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1.8 Prin. Stresses in 3-D State of stress(Cont’d)

The stress invariants  1,=1," =L, and I,=I,

2 2 2

|2:O-Xo-y+o-yo-z +O-Zo-x_Txy _Tyz _TXZ
O-X TX O TZ O (A

or = P S FI R
Txy Oy| |®yz Oz| [fxz Ox

Ox Txy T7Txz
sym o,
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1.10 Octahedral Planes and Stresses(Cont’d)

The normal stresses acting on those planes are
identical; so do the shear stresses. There are given as,

01+O'2 +C73
Ooct = 3

1
1

Foct :g[(al_gz)sz (o2 —03) + (03—01)2F
o 1

= g _2'1’22 +T2’32 ‘|‘T:|_’32:|E

| 1

1

3 _(Gx —O'y)z +(O'y —02)2 +(0'Z —JX)Z +6(2'Xy2 +ry22 +sz2 )F
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Directional Cosines of a Given Plane

A From vector analysis, we have
i A=Ai+Aj+Ak
=1 1.= .=
HW =—ABxAC=Area of AABC
A@O.0) 2
AB =+ai Fhj
AC =+ai Fck
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Directional Cosines of a Given Plane(Cont’d)

| J Kk
1} = (¢ ai 7 bi)x (£ ai Fek)=2|-a b 0
-a 0 c

:%[a27x7+(—ab)]xT+(—ac)Tle+bc]xIZ]
=%(bcf+aci+abl?)

|All = %\/(bc Y +(ac )’ + (ab )’

Cos a = A _ be = |
Al z z b
[(oc )7 + (ac )7 + (ab ) 2
A, ac
R
(bc )* + (ac )* + (ab )* |
. ab
C05y=HAH:_ -1:n
(bc )* + (ac )* + (ab )* |
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Chapter 2

Strain and Stress-Strain Relationship
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Chapter 2- Review

® Strain Transformation

® Principal Strains and Maximum Shear strain

® Rigid Body Motion

® Strain Invariants

® Stress/Strain relationship (including thermal effect)
® Strain Energy

® Stress/Strain with and without contraints
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2.2 Strain Transformation

Strain Transformation follows the transformation law
(equation 1-9 of stress).

( 1 1 A
nLomon] 2/ %y” L
[gl]: |2 m2 n2 Ej/xy gy Eyyz ml m2 m3 (2_5)
I, m; ng 1 1 i n,. n, n,
\2}/)(2 27yz z )
[e]=[TLelTT (1-9)
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2.2.2 2-D Strain Transformation
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Y ( Cos%0 Sin2¢ Sind.Cosd | ¢, ) .
— Sin“é Cos*d —-Sing.Cosd | ¢, (&7)
\ . - 2 -2
) - 2SIn0.Cosd 2SIn0.Cosd Cos 6 — SIn 6/\7/ij
e.']= [T, (@)]¢]
Where
( m? n? mn )
[Tg(g)]: n2 m2 — Mn
\—Zmn 2mn mz—nzj
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2.4 Rigid Body Motion

An elastic body undergoes a motion without
iInducing strain is rigid body motion.

Rigid Body Translation

An elastic body undergoes a displacement
without inducing strain.

Ll sy Yoo 9w _
Y=Y OX oy 017 0
W =W, |

e =£,=¢,=0
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Rigid Body Motion (cont’d)

Rigid Body Rotation

An elastic body undergoes a rotational displacement
without inducing a shear strain in x-y plane.

ou oV
Vyy = 0 = —=-— = Constant.
oy OX
ou
u=ky+C,(x) x =C'= O No Translation;
v=—kx+C,(Yy) N _ -C,'= O> Rotation only
oy

=C,'=C,’=0 or c, =Constant, C, = Constant.
Assuming C, =0,C, =0 U=Kky v=-kx
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Linear Elastic Stress-Strain Relation

Total strain is a summation of all strain components
In the same direction.

O-x O-y Gz
£, = -y ——v
E E E
3——v0x+ay—vgz>+N h trai
y = = = o shear strain
O-x Gy O-z
£, =~V —y —+
E E E
(&, ) 1/1 -v —vYo,
or, |g|=2|-v 1 —v|q (2-10)

& ) —v —-v 1)\o,)
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2.8.4 Stress-Strain Relationship

Combining equation (2-20) and (2-21), we can write stress-strain
relationship(foia genveral s‘c/)lid under mechanigal and thermal loads.

e)|E EE T 7 Pe) (@

£, _% é —% 0 0 0 |9 |

b |_| v v 1 o @ AT

| e EE Y0 O a7

s 1o o o ue o 0. ||o

y,) |0 0o 0o o we o] o

. lo.o0o.0 0o o 1/G)
¢|=[s]lo]+]a]aT lo]=[C]-{&]-la]aT] (2-22)

Mechanical Thermal

Strain Strain
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Chapter 3
Two Dimensional Problems In

Elasticity
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Chapter 3- Review

® Plane Stress/Strain
® Airy Stress Function

® Stress/Strain relationship in polar coordinates

® Stress under a concentrated Load
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Plane Stress Vs. Plane Strain

Plane stress (3-9) Plane Strain  (3-3)
1 v
gx:E[GX_VGy:I gle EV Oy~ l/vay:|
1 1-v? | 1%
-tlw] et e
1
EZZE[—V(GX-I—O'y)] e, =0=0, =V(0'X+O'y)
:—1V (5X+5y)
-V
_Txy — =0 Y :Txy 7z:7xz:O
yxy_G yyz_yxz_ Xy G y
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Plane Stress Vs. Plane Strain

Comparing equation (3-3) and (3-9), we observe:

The equation for a plane stress problem can be
converted to a plane strain problem by using g
replaced by E and v replaced by v

1—y? 1-v
Plane stress > Plane strain
. E
>
1-v* (3-11)
,
V > -
1-v
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Stresses Due to Concentrated Load

Hence
2C0sd P N
O, =— . :
r 20 +SIN 2
5, =0 . (3-30)
Tr@ = O /
P P If =2
_ 2
2P
r o = cosé (3-31)
2 T.r
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Chapter 4

Criteria of Material Failure
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Chapter 4- Review

® Failure Criteria and their Failure Envelop
® Max. Principal Stress

® Max. Shear Stress
® Coulomb —Mohr
® Max. Distortion Energy (Von-Mises)

® Max. Allowable Stress and Safety Factor
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Maximum PrinciF_)aI Stress Criterion

* No effect of &, and o, interaction

Failure envelop

O t
2 o
| u

- SAFE - o, oy =0

q
9

| .

O
u
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Maximum Shear Stress Criterion

Failure envelop

O,
o, -0,| 20| [ SAFE 45— O
Yy
‘0' ‘2‘0 ‘
1 y ~ (4-3)
y
‘Gz‘z‘o'y‘
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Coulomb — Mohr Failure Criterion

In general, o, # o
The Coulomb — Mohr failure criterion Is given as

o, .
Failure envelop
o,
o
‘S o
¢l ofY
—(O_lan ,O';")
C — O-l — 0-2 :1
Gu O_t O_c
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Maximum Distortion Energy Criterion

O,
Failure envelop o

— 0
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Chapter 5

Beam Bending
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Chapter 5- Review

® Pure Bending of Beams with sym./asym. Cross-
section (no shear)

® Bending of cantilever and simply supported Beams
with narrow cross-section

® Elementary Beam Theory
® Transverse Shear and shear flow

® Composite Beam ( Beam made of multiple
Isotropic materials bonded together)
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Pure Bending of Beam With Asymmetrical Cross-Section

M I, +M,I, M1, +M,I
S, YT (>-10)

yz y ¢ yz y ¢

The equation of neutral axis is located at o, =0,
Sy ML ML,
z M/, +M,I,

= tan @ (5-11)

Equation (5-11) can be simplified by rotating
a coordinate system such that

/ M I / M /
yr = y! Zr and o, Z—MZ, Y+ ): Z' (5'12)
Z M, | } N
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Elementary Theory of Beam

dVv dM

& p Y S
dx dx
- (5-23)
2 2
d |\/2|Z _p d 2 EI d ;/ _p y
dx dx * dx

The displacement function, v can be obtained
from the direct integration of the above function.
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Transverse Shear For Beam With a
General Symmetrical Cross Section

For a rectangular cross — section, t=h
_ h+
21 7=y, +(h-y,)/2= ="
h
V1| A* = (h—y,)t
...................................................................... Ly h L
_ h+ —
Q=A*y=""F(h-y)t="— Tt
X V h®-y: V
t=—(h% = v? -
T 2 2|Z( ) (5:25)
Voo,
Ly Max at y,=0 Th =—(t) (Zh) =—ht
_ W v 3V 2h.t_A
,2ps 4t 2A

_ AE5340/MAE4301/ME 5339/ Spring 2008
@ Department of Mechanical & Aerospace Engineering Chapter Mid-Term Review-95



Composite Beams

i-th Yi

Yia b

AN
><q><

= 2
h -
M, =—[o,ydA=- j o' ybd A
yl -1
- ¢curvature
o, =E;é, £, =§3+yk

mid — plane strain
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Composite Beams (Cont’d)

M, = —Z jyy E, (0 + yk Jydy
{ eozn: E. ( y._l)—gi E,( y._l)}

M =—Be® — Dk
Where, b
B = EZ E, (ylz - yiz—l) (5-28)
=1
b n
D=2 E (v - vi) (5-28a)
=1
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Composite Beams (Cont’d)

-
P = ja dA = ZjE (&, + yk )bdy

_1Y1
P= EOZijdy+kZIEbydy = &, A + kB (5-29)
=1y =1y,
Where,
n Vi n
A= Zijdy ZEb ~Yia)=> EA
o ~ (5-29a)

B = bZJ'Eydy_ ZE( y,_l)

R e
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Chapter 6
Axi symmetrically Loaded

Members
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Definition

A structure under load exhibiting a symmetrical
stress distribution with respect to an axis is
called as “ axisymmetrically loaded member”.
Assuming z-axis to be the symmetrical axis,
then we can conclude the stresses to be
iIndependent of g. This implies no displacement
In the @ direction, no shear stress in the r 8-
plane. That Is, { V, =0

7., =0

In this chapter, we assume o, =0 if there is no
axial load.
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6.5 Stress Components of Loaded Members

du C u C
& =——=C—— g9 =—=Ci+— (6-6)

T dr re r r
Substituting (6-6) into (6-2),

E C C E E 1
o, = C,——=|+v|C,+—=||=C,—-C .
1t K ' rzj ( ' rzﬂ "1-v fl+v r?

_ K2
1 2
r
E C C E E 1
o, = C.,+—=2|+v|C,——=||=C +C .
’ 1—1/2{(1 rzj (1 rzﬂ "1-v 14w r?
K
:K1+—2
I’2 K2 K
GrZKl—r—z , 69=K1+r—22 (6_7)
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6-6 Stresses in Pressurized Cylinder

0 — outer
| — inner
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Stresses In Pressurized Cylinder (Cont'd)

O, = 1_K_22:_P0 A Klzl:)iriz_l:)oro2
r r2_p2
0 0 |
= ., (6-8)
o, = 1_K_22=_Pi y K :(Pi_Po)ri r0
f 2 r2 _r?2
0 i

For rotating cylinder with angular velocity, @
F. = pro’

£ — mass density
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Case 1: No Rotation and No External Pressure

Pre—Pr’ _ (Pi - P, )ri2r02
K= I’02 — ri2 e ro2 - ri2 (6-8)
I:)iriz Pir-izro2 2
FF=0 & P,=0 Kl:roz—riz KZ:roz—ri2:r°K1
K
o, =K, —r—22 o, =K, +% (6-7)

i n<r=<r, (6-9)

2
—= = K1|:1+L2
;
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Case 1: (Cont’'d)

Maximum stress occurs at r =r,

K r; K r’
o =K, ——2 = Kl{l—%} o, = K, + 2 = K1{1+—}

2

r r r r
I 2 ] 2 2
oo :K11+[] _p
‘ ‘max I ! ro2 B ri2
y i i
e K I:)i ri2 B I:)o ro2
G p—
N R (6-8)
. 2.2
I ) K. = (PI B I:)o )ri Iy
1 c i r? —r?
: r 0 i
P
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Case 2. Non-Rotating Cylinder with End Cap

—

—

—_—

.............................. —
 —
]

Force acting on the end cap

F=0A= O'Z7Z(r02 — ri2)= P.ar? (6-10)

o,=F
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Case 3. Rotating Cylinder (Cont’d)

The stresses have the form

K
o, =K ——2-K,r’
I
09:K1+K—22—K4r2
I
(6-11)
Pr?—Pr’ P )r?r?
Kl — | |2 (;0 K2 — (PI ZPO)r; r-0
P f I, — 1
3+ 1+3v
Ks = 8VP0)2 Ky = 3 po’
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6.7 Thin-Walled Vessels (No External Pressure)

t=r,—n (wall thickness)

l<<i r_' ~ 1
I; 20 r,
i Pr?
Kl: r2 _r? (Po :O)
O. = _& 0 | , ,
r 1 r.2 - Plrl ) Plrl
Pr-2r2 (ro o ri )(ro + r,) 2r| 1
K. —_1i1i’o
: ro2 - ri2 _ I:)i I
2t
=r’K,
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Thin-Walled Vessels (Cont’'d)

r2
o, = Kl(l——ozjz 0
I

2
%o :K1+%ZK1[]—+%]:2K1:% (6-12)
l\ jPi sinf.rdf =o,.1.2
0
% % P
, =—r
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Press and Shrink Fits (Cont’'d

5i
| 5.
e §;?*-~%
U e gt 11 RN I <:
E;ZZﬁR—Zﬂ(R+5i): -6 _ 5 (6-16)
27(R +6;) R+5, R
Total mismatch |6 6] =[6,]+[8:] = [esR|+|esR]
_PRIR*+1; PR| R? +r1;
B E, roz _R? TV | T E. R2 _riz Vi (6-17)

_ AE5340/MAE4301/ME 5339/ Spring 2008
@ Department of Mechanical & Aerospace Engineering Chapter Mid-Term Review-110



Press and Shrink Fits (Cont’d)

If E,=E;=E and v,=vi=Vv
(Two cylinders having the same material)

o

_PR{R2+r02 R2+ri2}_PR 2R(r2 —r?)

E r02 _R? T R2 _ ri2 E (roz B szRz B rig) (6'18)

If & Is given, then the contact pressure,
P can be given as

_Es (ro2 - RZXR2 — riz) (6-19)

" R 2R(r2-r?)
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6.9 Curved Beam

Stresses are

@ " independent of 6
k . ) 10 5

— T T o
/d
Airy Stress Function
L _loe 10
" ror  r?o0?
-, = 0°D
or®
. _O® 10 15,

n +
or: ror r?o6?
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Curved Beam (Cont’'d)

P
r d;’f +20° = r(c:2.1j+2c:1 +2C, Inr
r r
=C'Inr+C" = C' =2C,
C"=C,+2C,
0'—JP+GH—C4{3mr+Ei
r — ©Yr r T V1 2 r2 (6_25)

Form equation (6-22)
c,=C'Inr+C"-o,

=2C,Inr+C,+2C, -C, -C, Inr—C—j

I
C
N :C1+C2(1+Inr)—r—§
Rewriting, - c
r I
o, =C, +C, In5+r_23 oy =C +C2(Ina +1)—r23 (6-26)
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Curved Beam (Cont’'d)
B.C.
I) Gr‘rza :Gr‘rzb =0 k’@ M

CB
r\r_a—C1+?—O A
C,=-C,a’
b C a’ b
o :(:1+(:2|n5+—§=c1 1——2j+C2Ing:O
b* . b a’h?> b
“T 7 Ing.Cz C‘°’:_a2— 2 2
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6.10 Winkler’'s Theory

a b A similar to strength of
| material approach

) ----  Centroidal Line

/,
~

1 7z

17 N\'

S ----  Neutral Axis
4@ —dg+A(do)

0 Original length = (R + y)dé
Deformed length= &..Rd& + yA(do)
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Winkler’s Theory (Cont’d)

M y
- |1
O AR{ +z(R+y)}

L Winkler's Formula

At Neutral AXis, = o, =0

y
1 n =0 _ _
IRy, T
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