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HW # 4. (SOLUTION) (REVISED 2’ )

Problem 4-1
A rectangular cross-section with the edges, 2a by 2b is subjected to a torque, 7.

a) What is Prandle stress equation, ¢ in )
a

term of 7, a and b7 >
b) Determine the shear stress along the
vertical and horizontal sides, respectively. I
c) Are the shear stresses at the corner point y
continuous? Show why! L
2b
X
v

Solution:
a)
: ¢=C(x—a)(x+a)(y—b)(y+b)
b= C(xz _azxyz _bz)

On the other hand,
T =2([ gaxdy
A

-b-a
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(v* - 5% Jay

by 3
T=2CJ-[x—~a2xJ
s\ 3
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T= 2Ci(—~§a3](y2 -5 Jy

T=2‘T]1C(x2 —.cIZXy2 —bz)dtdy



Finally,

b)

Vertical side:

Now substituting, x =+ a,

Horizontal side:




=g 5[32a3b3( — )(y )}: 3b3(y b
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Now substituting, y=+b,

Now, evaluating the stresses along the vertical and horizontal side in the right-upper
comer,

For the vertical wall,
X2 | x=q,y=b :0
9 T 2
e v~ (x6Y -52)=0
For the horizontal wall,

- ..93 L (taf-a?)=0

= | y=tbx=ta

Y2l y=b,x=a

The stresses in both walls have the same value, so this shows that the shear stress 1s
continuous at the corners.




Problem 4-2

Consider two bars, one having a circular section of radius b, the other an elliptical section with
major semi-axis a, and minor semi-axis b. Determine

a) for equal angles of twist, which bar experiences the large shearing stress

b) for equal allowable shearing stresses, which bar resists a large torque.

Solution:

a)

For the circle cross-section,

Pe :Cc(x2 +y’? "bz)

Vg, =—2G@
5 5°
g[cc(xz +y? —bz) +—-—2—[Cc(x2 +y° —bz)]: -2G48
&
2C, +2C, =-2G0
Go
Y
Substituting back,

- ¢C ; _%_(x_z_. . }_1_2 5 bz.)

On the other hand, for the elliptical cross-section,

V¢, =-2G0




b’ +a*

Substituting back,

aZbZ x2 y2
b= (Wb—z‘l

Now, as we know, the maximum stress on the ellipse happens at the top and bottom of it
(x=0, and y=+b). Choosing the bottom of both cross sections to compare them,

7. _%—£[~§g(x2 + y* "bz):| =-Gty

xz,C é-y _@) 2




Evaluating at the bottom of the cross-section, (x =0 and y = -b),

o
8
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=G0

a b* +a’
7,y =~2G6 (-p) - T = Go

Finally, because the problem requires that the angles of twist of both cases are the same,

and it is the same material (so the shear moduli are the same too)

sz’c _ b2 +612

z'
b 2% *F
. - b*+a’ ,
xz,C 2a2 xz E
b*+a* . b* +a’
But we know that a > b. Then, the term 2 2a is less than one, a < 1. Therefore,
a a

T <Tuk




b)

From Supplement 3.3, for the ellipse,

2T

T =—5
max, E
% ab?

On the other hand, for the circular cross-section,

b
z-max,C = J-
For equal allowable shearing stresses,

27 T.b
mbEz = Tmax,E = TmaxC %
21, _Tch
mb* T
2T, T.b
mbz £b4
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Problem 4-3
The figure shows a typical 2-cell tubular section as formed by a conventional foil shape, and

having one interior web. An external torque, T of 83450 in-lb is applied. Determine the shear

flow and shear stress of each segment.
Ri=5in. and Ro=2in

6, =30°
8, = 60" ty
t, =t, =0.10in

Solution:

a)

Note: There was a typo in the problem statement, ; is not 30°.

RZ — 'Rl
Sin6,  Sin60°

8, =2027°

First, we need to find the length of each section.

S, = 2R, -2 i‘;? 2R, =27.88in

s, =2 ok = 2R, = 4.19in
360° 3
S, = 2R, — ;ig 2R, = gnzaz = 8.38in



Then, we need to calculate the area bounded by the contours.
A, =R} =12.57in’
For the circle 1 the area is more complicated. First, the area of the whole circle is,

AC =7ﬁ‘212

Then, we need to subtract the portion taken out by circle 2.

R,
R

0y O

a=torlor Lo
2 2 2

4 = %(0.3538rad)(5in)2 +%{§](2m)2 —%(RICOSQI +R,Cos®, \R,Sind,)

A" =1.588in’

Zml

o —Z(Al) e

Zml

=R —2(1.588)=75.36in"

Now we know that,

T= 22»:1@1 + zzmz%

4 tl tlz Am.”_ t2 2‘12

ml

_} [4’15'1 +‘?12312j|:__1 [‘1252 _912812':|



i, =41 4,

Substituting those values in this system of 3 equations, and solving we get that,

g, =494.461b/in

g, =354.981b/in

g, =139.48[b/in

In addition,
104, .
p =4 ORAGID]In_ 4044 6psi
t 0.10in
n )
7, =2 w =3,549.8 psi
| t, 0.10in
L=diz W =1,394.8 psi
fy 0.10in




Problem 4-4

The following beam cross-sections are made of the same material. All of the thin cross-sectional
dimensions are centerline dimensions. Assume the dimension ¢ to be much greater than the
dimension t. Find the torsional constant, J for each case. For case a, J can be approximate as
0.28 (8c)(2c)3 . If the same torque is applied to the above sections, which one exhibits the largest

twisting angle?
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Solution:
a) :
J, =0.28(8c)2c) ={18¢* ]
b)
J, = %[(2c)-t3 +(3¢)- 2" + (2c).r3]: -;-(’/‘c)(z,‘)3 ={2.3¢t’
c)
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d) Since there are two cells to this thin-walled closed structure, there is no simple formula
for the torsion constant. The torsion constant is determinate by first calculating the two constant
shear flows in the two-cell cross-section, and then calculating the twist per unit length. The
torsion constant can be determined from the solution for the twist per unit length.

T= 21—419’1 +222q2
= 2(402 )qI + 2(202 )q2
T =8c%gq, +4c’q,

On the other hand,
é{‘hS QE2812:| _i{‘bsz _‘]12812}
A ty 4, 1 by

1
j[QIS + ‘]12312]

1
[91 6c+g,, 20] [q2 4c—-gq,, 26‘]

1 1
ZE}"[‘I! bc + (91 =4 )20]: g[‘?z“c "”(‘:?1 —dq, )2(3]

[‘?h 6c+q,2c—q, 20] = 2[?2 dc—q,2¢+gq, 20]

129, =144,

From these two equations, we get that,

7T 3T

=272 and ‘]2:4_00_2

Finally,

GO = 1 ‘ZIS ':712S12
2A by



GO < 1 [71’6(: 1T_g£}

ac?) 80 ¢ 80 &

oo~ 1L}
8¢ | 20 ¢t
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And,
J=L
GO

T
TILT
160 ¢*t

J

J, _160 5,
11

To answer the second question, for the same applied torque and material, the term T/G
remains the same (it’s a constant),

Trl_
GJ
_T 1
“ G118t
6, =—
PG 2.3
_r 1
¢ Gl14.4c*
T
¢ G145

And since ¢ >> t, 8, should be the greatest. Therefore, cross-section “b” exhibits the
largest twisting angle.

6,>6_=8,>0,




