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Preface

This manual contains solutions to all exercises in the text, except those odd-numbered exercises for which
fairly lengthy complete solutions are given in the answers at the back of the text. Then reference is simply
given to the text answers to save typing.

I prepared these solutions myself. While I tried to be accurate, there are sure to be the inevitable
mistakes and typos. An author reading proof rends to see what he or she wants to see. However, the
instructor should find this manual adequate for the purpose for which it is intended.

Morgan, Vermont J.B.F
July, 2002
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0. Sets and Relations
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. {\/g, —\/3} 2. The set is empty.
. {1,-1,2,-2,3,-3,4,—-4,5,-5,6,—6,10, 10,12, —12, 15, —15, 20, —20, 30, —30,

60, —60}
{-10,-9,-8,-7,-6,—5,—4,—3,-2,-1,0,1,2,3,4,5,6,7,8,9,10, 11}

. It is not a well-defined set. (Some may argue that no element of Z* is large, because every element

exceeds only a finite number of other elements but is exceeded by an infinite number of other elements.
Such people might claim the answer should be &.)

. 7. The set is @ because 33 = 27 and 43 = 64.

. It is not a well-defined set. 9. Q

The set containing all numbers that are (positive, negative, or zero) integer multiples of 1, 1/2, or

1/3.
{(a,1),(a,2), (a,¢), (b,1),(b,2), (b, ), (¢, 1), (¢,2), (¢, )}

a. It is a function. It is not one-to-one since there are two pairs with second member 4. It is not onto
B because there is no pair with second member 2.

b. (Same answer as Part(a).)

c. It is not a function because there are two pairs with first member 1.

d. It is a function. It is one-to-one. It is onto B because every element of B appears as second
member of some pair.

e. It is a function. It is not one-to-one because there are two pairs with second member 6. It is not
onto B because there is no pair with second member 2.

f. It is not a function because there are two pairs with first member 2.
Draw the line through P and z, and let y be its point of intersection with the line segment C'D.

a. ¢:[0,1] — [0,2] where ¢(z) =2z b. ¢ :[1,3] — [5,25] where ¢(x) =5+ 10(z — 1)
c. ¢ [a,b] — [c,d] where ¢(z) = c+ £=£(z — a)

Let ¢ : S — R be defined by ¢(z) = tan(r(z — 3)).

a. @; cardinality 1 b. @, {a}; cardinality 2 c. &,{a},{b},{a,b}; cardinality 4
d. @, {a}, {8}, {ch {0, b}, {arc}, {b,c}, {a, by c}; cardinality 8

Conjecture: |P(A)| = 2% =2/,

Proof The number of subsets of a set A depends only on the cardinality of A, not on what the
elements of A actually are. Suppose B ={1,2,3,---,s — 1} and A ={1,2,3,---,s}. Then A has all
the elements of B plus the one additional element s. All subsets of B are also subsets of A; these
are precisely the subsets of A that do not contain s, so the number of subsets of A not containing
s is |[P(B)|. Any other subset of A must contain s, and removal of the s would produce a subset of
B. Thus the number of subsets of A containing s is also |P(B)|. Because every subset of A either
contains s or does not contain s (but not both), we see that the number of subsets of A is 2|P(B)]|.
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0. Sets and Relations

We have shown that if A has one more element that B, then |P(A)| = 2|P(B)|. Now |P(2)| = 1, so
if |A| = s, then [P(A)| = 2°.

We define a one-to-one map ¢ of B4 onto P(A). Let f € BA, and let ¢(f) = {x € A| f(x) = 1}.
Suppose ¢(f) = ¢(g). Then f(z) = 1 if and only if g(x) = 1. Because the only possible values for
f(z) and g(x) are 0 and 1, we see that f(z) = 0 if and only if g(x) = 0. Consequently f(x) = g(x) for
all z € Aso f = g and ¢ is one to one. To show that ¢ is onto P(A), let S C A, and let h: A — {0, 1}
be defined by h(z) =1 if x € S and h(z) = 0 otherwise. Clearly ¢(h) = S, showing that ¢ is indeed
onto P(A).

Picking up from the hint, let Z = {z € A | x ¢ ¢(x)}. We claim that for any a € A, ¢(a) # Z. Either
a € ¢(a), in which case a ¢ Z, or a ¢ ¢(a), in which case a € Z. Thus Z and ¢(a) are certainly
different subsets of A; one of them contains a and the other one does not.

Based on what we just showed, we feel that the power set of A has cardinality greater than |A|.
Proceeding naively, we can start with the infinite set Z, form its power set, then form the power set
of that, and continue this process indefinitely. If there were only a finite number of infinite cardinal
numbers, this process would have to terminate after a fixed finite number of steps. Since it doesn’t,
it appears that there must be an infinite number of different infinite cardinal numbers.

The set of everything is not logically acceptable, because the set of all subsets of the set of
everything would be larger than the set of everything, which is a fallacy.

a. The set containing precisely the two elements of A and the three (different) elements of B is
C ={1,2,3,4,5} which has 5 elements.

i) Let A = {-2,-1,0} and B = {1,2,3,---} = Z*. Then |A| = 3 and |B| = Ny, and A
and B have no elements in common. The set C' containing all elements in either A or B is C =
{-2,-1,0,1,2,3,---}. The map ¢ : C — B defined by ¢(x) = x + 3 is one to one and onto B, so
|C| = |B| = Ng. Thus we consider 3 + Xy = Ry.

ii) Let A = {1,2,3,---} and B = {1/2,3/2,5/2,---}. Then |A| = |B|] = Xy and A and
B have no elements in common. The set C containing all elements in either A of B is C =
{1/2,1,3/2,2,5/2,3,---}. The map ¢ : C — A defined by ¢(z) = 2z is one to one and onto A,
so |C] = |A] = RXg. Thus we consider Ry + Xy = R.

b. We leave the plotting of the points in A x B to you. Figure 0.14 in the text, where there are N,
rows each having Rg entries, illustrates that we would consider that RNg - Ng = Ng.

There are 102 = 100 numbers (.00 through .99) of the form .#4, and 10% = 100,000 numbers (.00000
through .99999) of the form .#####. Thus for .##### - - -, we expect 1070 sequences representing
all numbers z € R such that 0 < x < 1, but a sequence trailing off in 0’s may represent the same
r € R as a sequence trailing of in 9’s. At any rate, we should have 10% > |[0,1]| = |R|; see Exercise
15. On the other hand, we can represent numbers in R using any integer base n > 1, and these
same 1070 sequences using digits from 0 to 9 in base n = 12 would not represent all z € [0, 1], so we
have 10% < |R|. Thus we consider the value of 108 to be |R|. We could make the same argument
using any other integer base n > 1, and thus consider n®0 = |R| for n € Z*,n > 1. In particular,
12% = 2% = |R|.

[R]
o, |R|, 2RI, 202 22#7) 23. 1. There is only one partition {{a}} of a one-element set {a}.

There are two partitions of {a, b}, namely {{a,b}} and {{a}, {b}}.



25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

0. Sets and Relations 3

There are five partitions of {a, b, ¢}, namely {{a,b,c}}, {{a},{b,c}}, {{b},{a,c}}, {{c},{a,b}}, and
{{a},{b},{c}}.

15. The set {a,b,c,d} has 1 partition into one cell, 7 partitions into two cells (four with a 1,3 split
and three with a 2,2 split), 6 partitions into three cells, and 1 partition into four cells for a total of
15 partitions.

52. The set {a,b,c,d, e} has 1 partition into one cell, 15 into two cells, 25 into three cells, 10 into four
cells, and 1 into five cells for a total of 52. (Do a combinatorics count for each possible case, such as
a 1,2,2 split where there are 15 possible partitions.)

Reflexive: In order for x R x to be true, x must be in the same cell of the partition as the cell that
contains x. This is certainly true.

Transitive: Suppose that x Ry and y R z. Then z is in the same cell as y so T = ¥, and y is in the
same cell as z so that § = Z. By the transitivity of the set equality relation on the collection of cells
in the partition, we see that T = Z so that z is in the same cell as z. Consequently, xR z.

Not an equivalence relation; 0 is not related to 0, so it is not reflexive.

Not an equivalence relation; 3 > 2 but 2 # 3, so it is not symmetric.

It is an equivalence relation; 0 = {0} and @ = {a, —a} for a € R,a # 0.

It is not an equivalence relation; 1R 3 and 3R 5 but we do not have 1 R 5 because |1 — 5| =4 > 3.
(See the answer in the text.)

It is an equivalence relation;

1=1{1,11,21,31,---}, 2=14{2,12,22,32,---}, ---, 10 = {10,20, 30,40, ---}.

(See the answer in the text.)

a. Let h, k, and m be positive integers. We check the three criteria.

Reflexive: h — h =n0 so h ~ h.

Symmetric: If h ~ k so that h — k = ns for some s € Z, then k — h = n(—s) so k ~ h.

Transitive: If h ~ k and k ~ m, then for some s,t € Z, we have h — k = ns and k — m = nt. Then
h—m=(h—k)+(k—m)=ns+nt=n(s+t), soh~m.

b. Let h,k € ZT. In the sense of this exercise, h ~ k if and only if h — k = ngq for some ¢ € Z. In the
sense of Example 0.19, h = k (mod n) if and only if h and k have the same remainder when divided
by n. Write h = nq; + r1 and k = ngs + ro where 0 < r; <n and 0 < ro <n. Then

h—k=n(qg —q2)+ (11 —ra)

and we see that h — k is a multiple of n if and only if r; = 2. Thus the conditions are the same.

coa0={-,-202-} T={,-3-1,13.-}
b_6:{...7_3707‘3,7...}7 T:{~-,—5,—2,1,4,~-}, QZ{...7_17275,...}
C'GZ{"'a 5a0555"'}5 T:{ 57977471767 "}) EZ{"'77372777"'}7

3={-,-7,-2,3,8,---}, 4={--,-1,4,9,---}
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1. Introduction and Examples

The name two-to-two function suggests that such a function f should carry every pair of distinct points
into two distinct points. Such a function is one-to-one in the conventional sense. (If the domain has
only one element, the function cannot fail to be two-to-two, because the only way it can fail to be
two-to-two is to carry two points into one point, and the set does not have two points.) Conversely,
every function that is one-to-one in the conventional sense carries each pair of distinct points into two
distinct points. Thus the functions conventionally called one-to-one are precisely those that carry two
points into two points, which is a much more intuitive unidirectional way of regarding them. Also,
the standard way of trying to show that a function is one-to-one is precisely to show that it does
not fail to be two-to-two. That is, proving that a function is one-to-one becomes more natural in the
two-to-two terminology.

1. Introduction and Examples

10.
12.

13.

14.

15.

16.

17.

© ® N s ok =

P=iti=—1i=—i 2. ' =(*)?=(-1)?%=1 3.8 =) i=(-)ti=(-1)i=—i
i) = (%)) = (=1)"7(=i) = (-1)(=3) =
4—i)(5+3i) =20+12i —5i — 3> =20+ T7i +3 =23+ 7i

2 —3i)(441i)+ (6 —5i) = 8+ 2 — 12 — 3i2 4+ 6 — 5i = 14 — 15i — 3(—1) = 17 — 15i

(—

( (5

(84+2i)(3—14) =24 — 8i + 6i — 2i? =24 — 2i — 2(—1) = 26 — 2i

( )(4+

1+ =1+)?A+i)=1+2i— 1)1 +i)=2i(1 +i) =22 +2i = -2+ 2i

(1—4)% = 15+ 214 (=) + 32 13(—0)? + 521%(—i)® + 211 (—i) 4+ (—i)® = 1 — 5i+10i2 — 1043 +5i* — i® =
1-5i—10+10i +5—i=—4+4i

13—4i| = /32 + ( —4)2 =/9+16=25=5 11. |6+4i| = V62 +42 = /36 + 16 = V/52 = 2V/13
13— 4i] = /32 + =V25=5 and 3 —4i = 5(2 — 2i)

|f1+¢|:\/(f1)2+12:ﬁ and —1+i=+2(—
112+ 5i] = V122 + 5% = V169 and 12 + 5i = 13(12 + Zi)

| =3+ 5i] = \/(—3)2 + 5% = V34 and —3+5i:\/34 N riaverd)

|z]4(cos4¢9 +isin4f) = 1(1 + Oz’) so |z| = 1 and cos46 = 1 and sin46 = 0. Thus 46 = 0 + n(27) so
¢ = n3 which yields values 0, 5, 7, and 37” less than 27w. The solutions are

+ 51)

\U' &‘H

. w

y gy T

- U .. T .
z1 =cos0+12sin0 =1, 22:cos§+zs1n§:z,
. 37 .. 3m .
z3 =cosm+isinm = —1, and 24:cos?+zsm?:—z.

|2|*(cos 40 4 isin46) = 1(—1 +04) so |z| = 1 and cos46 = —1 and sin46 = 0. Thus 40 = 7 4 n(27) so

6 = 7 + n% which yields values 7, %’r, %’T, and 7—“ less than 27. The solutions are

7T+ m 1 37r+, . 3w 1 n 1 .
Z]1 = COS — is8in — = — — Z9 = COS — 78I — = ——— —1,
' 4 4P \/i 2 4 4 V2 B
5t . . bmw 1 1. T .. Tw 1 1.
z3 =08 — +isin — = ——— — —14, and 24 =cos— +isin— = — — —i.

4 4 5 V2" 4 12 2
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1. Introduction and Examples

| 2|3 (COS3(9 —I—isin39) =8(—140i) so |z| =2 and cos30 = —1 and sin30 = 0. Thus 30 = 7 + n(27) so
=73+ n ;- which yields values 3,7, and 5“ less than 27. The solutions are

3
z1:2(cosg+isin§) 2(= +\2f)—1+\[2 29 = 2(cosm +isinm) = 2(—1+0i) = -2,

and

1
z3 :2(c085§+isin5§) —2(2—?71) =1—/3i.

|2|3(cos 30 + isin30) = 27(0 — i) so |z| = 3 and cos 30 = 0 and sin30 = —1. Thus 30 = 37/2 + n(27)
so =73+ n%ﬂ which yields values T, 7%, and HT” less than 2. The solutions are

PREGER
0 NRVE] L 3v3 3

7
2’1:3(Cosg+ising):3(0+i):3i, 29 = 3(COS%—|—ZS 6)73(_7_5) -5 3
and 7 /s
117 11w 3 1. 3v3 3
Z3—3(cos?—|—zsmT) (7—52)_7_51

|215( COSGH + isin60) = 1+ 0i so ]2\ =1 and cos6f = 1 and sin60 = 0. Thus 60 = 0+ n(27) so
0=0+ n ™ which yields values 0, T, 2% 7, 4T and 5” less than 2. The solutions are

539 37 3
1 3
z1 = 1(cos0+isin0) =1+ 0i =1, 22:1(cosi+isinz):f+£i,
3 3 2 2
2 2 1 3
Z3—1(COSI+ZSIDI)——*—|—£Z', zg = 1(cosm+isinm) =—1+0i = —
3 3 2 2
Amr Amr 1 V3 5w 5r. 1 V3
o I Ay 1 V3, _q or .o 5my 1 V3.
z5 = 1(cos 3 + isin 3) 5~ g b %6 (cos 3 + isin 3) 5 5 ¢

|2|%(cos 66 + isin 60) = 64(—1 + 0i) so |z| = 2 and cos 66 = —1 and sin 66 = 0. Thus 60 = 7 + n(27)

sof =g+ n%” which yields values ¢, 7, %ﬁ, %r, 37” and HT” less than 27. The solutions are

21 = 2(cos%+isinz :2(£ i) =3+,

6 3 T2
z9 = 2(cosg+ising):2(0+i):2i,
5 ) 3 1
z3 = 2(cos6ﬂ+ising):2(—\2[ 5) —V3+1i,
7 3 1
z4 = 2(cosg+isin67r):2(—\2[—2i):—\/§—i,
3 3
z5 = 2(COS?7T—|—’L'SiD77r)—2(O i) = —2i,
11 11 3 1
26 = 2(cos;+zsin;)—2(\2f—2i):\/§—z
10416 =26 > 17,50 1041716 =26 — 17 = 9. 23. 84+6=14>10,s08 4106 =14 — 10 =4.
20.5 4 19.3 = 39.8 > 25, so 20.5 +25 19.3 = 39.8 — 25 = 14.8.
Ly T-Us sl I=U_1=3 26. 37 + 30 =9 > 27 50 3T 45, L =% o = 7.
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1. Introduction and Examples

2V243V2=5V2> V32 =4V2,50 22 + 55 3V2=5V2-4v/2= 2.
8 is not in Rg because 8 > 6, and we have only defined a +¢ b for a,b € Rg.

We need to have x + 7 = 15 + 3, so x = 11 will work. It is easily checked that there is no other
solution.

We need to have x + 37” =21 4 3T = 1}7”, SO T = %r will work. It is easy to see there is no other
solution.

We need to have z +x = 7+ 3 = 10, so x = 5 will work. It is easy to see that there is no other
solution.

We need to have x + x + x = 7+ 5, so x = 4 will work. Checking the other possibilities 0, 1, 2, 3, 5,
and 6, we see that this is the only solution.

An obvious solution is x = 1. Otherwise, we need to have x +x = 12 4+ 2, so x = 7 will work also.
Checking the other ten elements, in Zi9, we see that these are the only solutions.

Checking the elements 0, 1,2, 3 € Z4, we find that they are all solutions. For example, 3+434+43+43 =
(3443)+4(3+43)=2442=0.

(=0, G=CCo2+s5=7 (=CCo2452=4, C=((—4455=1,
C=CC o T+7=6 (=0 oT4H34=3

o0, P=edtrd=1 F=@Col4d=5  =CCol4r1=2
=G e5+71=6, (*=¢¢Co5475=3

If there were an isomorphism such that ¢ < 4, then we would have (? < 444 =2 and ¢* = (?3¢%? &
2462 = 4 again, contradicting the fact that an isomorphism < must give a one-to-one correpondence.

By Euler’s fomula, e®e® = ¢! (9% = cos(a + b) + isin(a + b). Also by Euler’s formula,
e%® = (cosa+isina)(cosb + isinb)
= (cosacosb —sinasinb) + i(sinacosb + cos asinb).
The desired formulas follow at once.
(See the text answer.)

a. We have €3’ = cos360 + isin36. On the other hand,

¥ = (%) = (cosf +isin6)?
= cos’ 0 + 3icos®fsinf — 3cosfsin®f — isin® g
(cos® 6 — 3 cosOsin® ) + i(3 cos® fsin § — sin® f).

Comparing these two expressions, we see that
cos 30 = cos® 0 — 3 cosfsin? 6.
b. From Part(a), we obtain

cos 30 = cos® 6 — 3(cos ) (1 — cos? 0) = 4 cos® § — 3 cosb.
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2. Binary Operations

1.

2.

10.

11.

12.

13.

14.

bxd=e, cxc=0b, [(axc)xe]lxa=[cxe]xa=axa=a

(axb)xc=bxc=aand ax(b*c)=ax*a=a, sothe operation might be associative, but we can’t
tell without checking all other triple products.

. (bxd)xc=exc=aand bx(d*c) =bxb=c, so the operation is not associative.

It is not commutative because b* e = ¢ but e x b = b.

. Now d*xa = d so fill in d for a xd. Also, cxb = a so fill in a for b*c. Now b*d = ¢ so fill in ¢ for d *b.

Finally, ¢x d = b so fill in b for d * c.

.dxa=(cxb)xa=cx(bxa)=cx*b=d. In a similar fashion, substituting ¢ % b for d and using the

associative property, we find that d«b=c¢,d*xc=c¢, and d*xd = d.

. It is not commutative because 1 —2 # 2—1. It is not associative because 2 =1—(2—3) # (1-2)—-3 =

—4.

. It is commutative because ab+ 1 = ba + 1 for all a,b € Q. It is not associative because (a * b) * ¢ =

(ab+1)*xc=abc+c+1but ax(bxc)=ax*(bc+1)=abc+a+ 1, and we need not have a = c.

. It is commutative because ab/2 = ba/2 for all a,b € Q. It is associative because a* (bxc) = ax(bc/2) =

[a(bc/2)]/2 = abe/4, and (a * b) x ¢ = (ab/2) * ¢ = [(ab/2)c]/2 = abc/4 also.

It is commutative because 29 = 2% for all a,b € Z*. It is not associative because (a*b) *c = 2% xc =
22" but a x (bxc)=ax2"= 20(2")

It is not commutative because 2 %3 = 23 = 8 # 9 = 32 = 3% 2. It is not associative because

ax(bxc)=axb®=a’) but (axb)*c=a*c=(a’)¢ = a’, and be # b° for some b, c € ZF.

If S has just one element, there is only one possible binary operation on S; the table must be filled in
with that single element. If S has two elements, there are 16 possible operations, for there are four
places to fill in a table, and each may be filled in two ways, and 2-2-2-2 = 16. There are 19,683
operations on a set S with three elements, for there are nine places to fill in a table, and 3% = 19, 683.
With n elements, there are n? places to fill in a table, each of which can be done in n ways, so there
are n(n%) possible tables.

A commutative binary operation on a set with n elements is completely determined by the elements
on or above the main diagonal in its table, which runs from the upper left corner to the lower right
corner. The number of such places to fill in is

Thus there are n('+1)/2 possible commutative binary operations on an n-element set. For n = 2, we

obtain 23 = 8, and for n = 3 we obtain 3% = 729.

It is incorrect. Mention should be made of the underlying set for % and the universal quantifier, for
all, should appear.

A binary operation * on a set S is commutative if and only if a *b=0bx*a for all a,b € S.
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2. Binary Operations

The definition is correct.

It is incorrect. Replace the final S by H.

It is not a binary operation. Condition 2 is violated, for 11 =0 and 0 ¢ Z™.

This does define a binary operation.

This does define a binary operation.

This does define a binary operation.

It is not a binary operation. Condition 1 is violated, for 2 * 3 might be any integer greater than 9.

It is not a binary operation. Condition 2 is violated, for 11 =0 and 0 ¢ Z™.

a —b c —d| _ [a+c —(b+d)
a.Yes.[b a}—i—[d c][b—l—d a+c ]

a —b c —d| | ac—bd —(ad+ bc)
b. Yes. {b a ][d c }_[acH—bc ac — bd }

FTFFFTTTTF 25. (See the answer in the text.)

We have (a*b)* (cxd) = (cxd)* (axb) = (dxc)*(axb) = [(d*c)*a] xb, where we used commutativity
for the first two steps and associativity for the last.

The statement is true. Commutativity and associativity assert the equality of certain computations.
For a binary operation on a set with just one element, that element is the result of every computation
involving the operation, so the operation must be commutative and associative.

alb

a| b|a The statement is false. Consider the operation on {a,b} defined by the table. Then
bllala
(axa)xb=bxb=abutax(axb)=a*xa=>0.

It is associative.

Proof: [(f +g) + k(@) = (f + 0)@) + h(x) = [f(@) + ()] + hlx) = f(z) + [g(a) + h(x)] =
f(@)+[(g+h)(x)]=I[f+ (g+ h)](x) because addition in R is associative.

It is not commutative. Let f(x) = 2z and g(z) = 5x. Then (f —g)(x) = f(z) — g(z) = 22 —5x = —3x
while (¢ — f)(z) = g(x) — f(x) = 5z — 2z = 3.

) =
It is not associative. Let f(x) = 2x,g(z) = 5z, and h(z) = 8z. Then [f — (¢ — h)](x) =
(9 —h)(x) = fz) — [g(z) — h(z)] =
(f —9)(@) = h(z) = f(z) — g(z) -

It is commutative.
Proof: (f-g)(x) = f(x)-g(x) = g(z) - f(z) = (9 f)(x) because multiplication in R is commutative.

fz) -
()— g(x) + h(z) = 2z — 5x + 8= = 5z, but [(f —g) — h](z) =
h(z) =2z — bz — 8z = —11x.

It is associative.

Proof: [(f -g) -hl(x) = (f-9)(x) - h(z) = [f(x) - g(x)] - h(z) = f(x) - [9(x) - h(x)] = [f - (g - h)l(x)

because multiplication in R is associative.
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It is not commutative. Let f(z) = 2? and g(z) =  + 1. Then (f 0 ¢)(3) = f(g(3)) = f(4) = 16 but
(9o £)(3) =g(f(3)) = g(9) = 10.

It is not true. Let * be + and let *” be - and let S = Z. Then 2+ (3-5) = 17 but (2+3)-(2+5) = 35.

Let a,b € H. By definition of H, we have a xx = x *xa and bx z = x x b for all x € S. Using the fact
that = is associative, we then obtain, for all x € S,

(axb)xx=ax(bxzx)=ax(zxxb)=(a*xz)*xb= (r*xa)*xb=uzx*(ax*xb).
This shows that a * b satisfies the defining criterion for an element of H, so (a xb) € H.

Let a,b € H. By definition of H, we have a *x a = a and b x b = b. Using, one step at a time, the fact
that * is associative and commutative, we obtain

(axb)*(axb) = [(axb)xa]xb=[ax(bxa)lxb=T[ax*(axb)]*b
= [(axa)xb]xb=(a*xb)xb=ax(bxb)=axb.

This show that a b satisfies the defining criterion for an element of H, so (a xb) € H.

. Isomorphic Binary Structures

. 1) ¢ must be one to one. ii) ¢[S] must be all of S’. iii) ¢(a *xb) = ¢(a) ¥ ¢(b) for all a,b € S.

. It is an isomorphism; ¢ is one to one, onto, and ¢(n+m) = —(n+m) = (—n) + (—m) = ¢(n) + ¢(m)
for all m,n € Z.

. It is not an isomorphism; ¢ does not map Z onto Z. For example, ¢(n) # 1 for all n € Z.

. It is not an isomorphism because ¢(m+n) = m+n+1 while p(m)+¢(n) =m+1+n+1=m+n+2.
. It is an isomorphism; ¢ is one to one, onto, and ¢(a + b) = %"b =5+ % = ¢(a) + ¢(b).

. It is not an isomorphism because ¢ does not map Q onto Q. ¢(a) # —1 for all a € Q.

. It is an isomorphism because ¢ is one to one, onto, and ¢(zy) = (zy)? = 233 = ¢(z)d(y).

. It is not an isomorphism because ¢ is not one to one. All the 2 x 2 matrices where the entries in the
second row are double the entries above them in the first row are mapped into 0 by ¢.

. It is an isomorphism because for 1 x 1 matrices, [a][b] = [ab], and ¢([a]) = a so ¢ just removes the
brackets.

It is an isomorphism. For any base a # 1, the exponential function f(z) = a® maps R one to one onto
R+, and ¢ is the exponential map with a = 0.5. We have ¢(r+s) = 0.5+ = (0.5")(0.5%) = ¢(r)H(s).

It is not an isomorphism because ¢ is not one to one; ¢(x?) = 2z and ¢(2? + 1) = 2.
It is not an isomorphism because ¢ is not one to one: ¢(sinz) = cos0 =1 and ¢(z) = 1.

No, because ¢ does not map F onto F. For all f € F, we see that ¢(f)(0) = 0 so, for example, no
function is mapped by ¢ into x + 1.
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3. Isomorphic Binary Structures
It is an isomorphism. By calculus, ¢(f) = f, so ¢ is the identity map which is always an isomorphism
of a binary structure with itself.

It is not an isomorphism because ¢ does not map F onto F'. Note that ¢(f)(0) =0- f(0) = 0. Thus
there is no element of F' that is mapped by ¢ into the constant function 1.

a. For ¢ to be an isomorphism, we must have
mixn=¢(m—1)xp(n—1)=¢((m—-1)+(n—-1))=¢p(m+n—2)=m+n—1.
The identity element is ¢(0) = 1.
b. Using the fact that ¢! must also be an isomorphism, we must have
man=¢ m+1)*xd ' (n+1)=¢ H{(m+1)+(n+1)=¢  (m+n+2)=m+n+1.
The identity element is ¢~ 1(0) = —1.
a. For ¢ to be an isomorphism, we must have
mixn=¢(m—1)xd(n—1)=¢((m—1)-(n—1))=¢p(mn—m—n+1)=mn—m—n+2.
The identity element is ¢(1) = 2.
b. Using the fact that ¢~! must also be an isomorphism, we must have
min=¢ ‘(m+D*¢ (n+1)=¢ ' (m+1)-(n+1)=¢ (mn+m+n+1)=mn+m+n.
The identity element is ¢~!(1) = 0.

a. For ¢ to be an isomorphism, we must have

a*b-qﬁ(a—i_l)*qﬁ(w) _¢<a+1+l)—|—1>_¢((1—kl)—k2> =a+b+1.

3 3 3 3 3
The identity element is ¢(0) = —1.

b. Using the fact that ¢~! must also be an isomorphism, we must have

axb=¢ 'Ba—1)x¢'Bb-1)=0¢"(Ba—1)+Bb—1))=¢ '(3a+3b—2) =a+b— %

The identity element is ¢=1(0) = 1/3.

a. For ¢ to be an isomorphism, we must have

axb=g a+1 ‘o b+1 — a—i—l‘b—l—l — ¢ ab+a+b+1 :ab+a+b—2‘
3 3 3 3 9 3

The identity element is ¢(1) = 2.

b. Using the fact that ¢~! must also be an isomorphism, we must have

axb=0¢"13a—-1)-¢67130-1)=¢ ((3a—1)-(3b—1)) = ¢ (9ab—3a —3b+1) = 3ab—a—b+§.

The identity element is ¢~1(1) = 2/3.
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Computing ¢(z * y) is done by first executing the binary operation * , and then performing the map
¢. Computing ¢(z) ¥ ¢(y) is done by first performing the map ¢, and then executing the binary
operation *’. Thus, reading in left to right order of peformance, the isomorphism property is

(binary operation)(map) = (map)(binary operation)

which has the formal appearance of commutativity.

The definition is incorrect. It should be stated that (S, *) and (S’, %) are binary structures, ¢ must be
one to one and onto S’, and the universal quantifier “for all a,b € S” should appear in an appropriate
place.

Let (S, ) and (S’, #’) be binary structures. A map ¢ : S — S’ is an isomorphism if and only
if ¢ is one to one and onto S’, and ¢(a x b) = ¢(a) *’ ¢(b) for all a,b € S.

It is badly worded. The “for all s € S” applies to the equation and not to the “is an identity for *”.

Let * be a binary operation on a set S. An element e of S is an identity element for x if and
only if sxe=exs=sforall se€S.

Suppose that e and € are two identity elements and, viewing each in turn as an identity element,
compute e x € in two ways.

a. Let x be a binary operation on a set S. An element ey, of S is a left identity element for x if
and only if ef, * s = s for all s € S.

b. Let * be a binary operation on a set S. An element eg of S is a right identity element for * if
and only if sxeg = s for all s € S.

A one-sided identity element is not unique. Let * be defined on S by a xb = a for all a,b € S.
Then every b € S is a right identity. Similarly, a left identity is not unique. If in the proof of Theorem
3.13, we replace e by ey and € by €y, everywhere, and replace the word “identity” by “left identity”,
the first incorrect statement would be, “However, regarding €y, as left identity element, we must have
er, xer, =er.”

No, if (S*) has a left identity element ey, and a right identity element eg, then e, = eg.

Proof Because ey, is a left identity element we have ey *x er = er, but viewing er as right identity
element, ey, x eg = er,. Thus e;, = ep.

One-to-one: Suppose that ¢~1(a’') = ¢~1(b') for /,b/ € S’. Then a' = ¢(¢~(d)) = ¢p(¢p~1(V)) =V,

so ¢~ ! is one to one.
Onto: Let a € S. Then ¢~ 1(¢(a)) = a, so ¢! maps S’ onto S.
Homomorphism property: Let a’,b’ € S’. Now

P(¢H(a' ¥ b)) =d ¥ b’
Because ¢ is an isomorphism,

BO7 ) x67b /) = 607 Ha)) ¥ G(6THT) = /b
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also. Because ¢ is one to one, we conclude that
¢~ a xb") = ¢~ (a') ¥ ¢TI (D).

One-to-one: Let a,b € S and suppose (1 0 6)(a) = (1 0 6)(b). Then v(¢(a)) = ((b)). Because ¢ is
one to one, we conclude that ¢(a) = ¢(b). Because ¢ is one to one, we must have a = b.

Onto: Let a” € S”. Because 1 maps S’ onto S”, there exists a’ € S’ such that 1(a’) = a”. Because
¢ maps S onto S’, there exists a € S such that ¢(a) = a’. Then (¢ o ¢)(a) = ¥(é(a)) = ¥(d') = d”,
so 1 o ¢ maps S onto S”.

Homomorphism property: Let a,b € S. Since ¢ and v are isomorphisms, (¢ 0 ¢)(axb) = (d(axb)) =
V(g(a) " ¢(b)) = (d(a)) " P(p(b)) = (¢ o ¢)(a) " (1) 0 $)(b).

Let (S, %), (S’,«') and (S”,*"”) be binary structures.

Reflexive: Let ¢ : S — S be the identity map. Then ¢ maps S one to one onto S and for a,b € S, we
have t (axb) =axb=1(a)*¢(b), so ¢ is an isomorphism of S with itself, that is S ~ S.

Symmetric: If S ~ S’ and ¢ : S — S’ is an isomorphism, then by Exercise 26, ¢! : S’ — S is an
isomorphism, so S’ ~ S.

Transitive: Suppose that S ~ S§" and S’ ~ S”, and that ¢ : S — S" and ¢ : S’ — S” are isomorphisms.
By Exercise 27, we know that ¢ o ¢ : S — S” is an isomorphism, so S ~ S”.

Let (S, *) and (S’, ") be isomorphic binary structures and let ¢ : S — S’ be an isomorphism. Suppose
that  is commutative. Let a’,b" € S" and let a,b € S be such that ¢(a) = o’ and ¢(b) = b’. Then
a «'b' = ¢g(a) ¥ p(b) = pla*xb) = p(bxa) = d(b) ¥ ¢p(a) =b' xd, showing that " is commutative.

Let (S, *) and (S, ') be isomorphic binary structures and let ¢ : S — S’ be an isomorphism. Suppose
that = is associative. Let a’,b’,¢’ € S" and let a,b,c € S be such that ¢(a) = o’,¢(b) = b’ and
#(c) = ¢’. Then

(@ b))« = (¢(a) ' d(b)) ¥ d(c) = p(axb) ¥ p(c) = ((a*d)*c))
= ¢lax(bxc)) =d(a) ¥ ¢(bxc) = p(a) « (d(b) ¥ ¢(c)) = a'+" (b« '),

showing that *’ is associative.

Let (S, x) and (S’, ') be isomorphic binary structures and let ¢ : S — S’ be an isomorphism. Suppose
that S has the property that for each ¢ € S there exists x € S such that x xx = ¢. Let ¢/ € 5,
and let ¢ € S such that ¢(c) = ¢’. Find x € S such that z «x x = ¢. Then ¢(z x ) = ¢(c) = ¢/, so
¢(x) «" p(x) = ¢’. If we denote ¢(x) by 2/, then we see that 2’ x 2’ = ¢’, so S’ has the analagous
property.

Let (S, %) and (S’, ') be isomorphic binary structures and let ¢ : S — S’ be an isomorphism. Suppose
that S has the property that there exists b € S such that bxb =b. Let b’ = ¢(b). Then b’ ' b’ =
d(b) " ¢(b) = ¢(bxb) = ¢(b) =b’, so S’ has the analogous property.

a

Let ¢ : C — H be defined by ¢(a + bi) = [ ;

_ab ] for a,b € R. Clearly ¢ is one to one and onto H.



34.

4. Groups

a+c —(b+4d)

a. We have ¢((a + bi) + (¢ + di)) = b+d a+c

¢((a+c)+ (b+ d)i) = [

|- 15

[2 ;d ] = ¢(a + bi) + ¢(c + di),
b. We have ¢((a + bi) - (c + di)) = ¢((ac — bd) + (ad + be)i) = [ Z?l:rl;ci —éidj_bgc) } _
[0 2] ] v s an

Let the set be {a,b}. We need to decide whether interchanging the names of the letters everywhere
in the table and then writing the table again in the order a first and b second gives the same table
or a different table. The same table is obtained if and only if in the body of the table, diagonally
opposite entries are different. Four such tables exist, since there are four possible choices for the first
row; Namely, the tables

>1<Ha‘b *Ha‘b *“a‘b x| alb
allala allalb a|lbla and al b|b .
bllbl|b bllalbd bllb|a bllala

The other 12 tables can be paired off into tables giving the same algebraic structure. One table of
each pair is listed below. The number of different algebraic structures is therefore 4 + 12/2 = 10.

* |l a|b *Ha‘b >|<Ha‘b *Ha‘b *Ha‘b x|la|b
alala alala alala alalb al bla alalb
b|lala b|alb b|b|a blala blala blb]|a
4. Groups
1. No. Gj fails. 2. Yes 3. No. (G fails. 4. No. (3 fails. 5. No. (G fails.
6. No. G fails.
7. The group (Ujggo,-) of solutions of z1%%° = 1 in C under multiplication has 1000 elements and is
abelian.
s [ 118]5]7
111357
8 3 |3|1|7/|5
5115|7113
TINT7T|5]3]1
9. Denoting the operation in each of the three groups by * and the identity element by e for the moment,

10.

the equation z * z % x * = e has four solutions in (U, -), one solution in (R, +), and two solutions in
<R*7 >

a. Closure: Let nr and ns be two elements of nZ. Now nr+ns = n(r+s) € nZ so nZ is closed under
addition.

Associative: We know that addition of integers is associative.
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4. Groups

Identity: 0 = n0 € nZ, and 0 is the additive identity element.
Inverses: For each nm € nZ, we also have n(—m) € nZ and nm + n(—m) = n(m —m) =n0 = 0.
b. Let ¢ : Z — nZ be defined by ¢(m) = nm for m € Z. Clearly ¢ is one to one and maps Z onto

nZ. For r,s € Z, we have ¢(r + s) = n(r +s) = nr +ns = ¢(r) + ¢(s). Thus ¢ is an isomorphism of
(Z,+) with (nZ,+).

Yes, it is a group. Addition of diagonal matrices amounts to adding in R entries in corresponding
positions on the diagonals, and that addition is associative. The matrix with all entries 0 is the
additive identity, and changing the sign of the entries in a matrix yields the additive inverse of the
matrix.

No, it is not a group. Multiplication of diagonal matrices amounts to muliplying in R entries in
corresponding positions on the diagonals. The matrix with 1 at all places on the diagonal is the
identity element, but a matrix having a diagonal entry 0 has no inverse.

Yes, it is a group. See the answer to Exercise 12.
Yes, it is a group. See the answer to Exercise 12.
No. The matrix with all entries 0 is upper triangular, but has no inverse.

Yes, it is a group. The sum of upper-triangular matrices is again upper triangular, and addition
amounts to just adding entries in R in corresponding positions.

Yes, it is a group.

Closure: Let A and B be upper triangular with determinant 1. Then entry ¢;; in row 7 and column j
in C = ABis 0 if ¢ > j, because for each product a;;by; where i > j appearing in the computation of
cij, either k < i so that a;;; = 0 or k > ¢ > j so that by; = 0. Thus the product of two upper-triangular
matrices is again upper triangular. The equation det(AB) = det(A) - det(B), shows that the product
of two matrices of determinant 1 again has determinant 1.

Associative: We know that matrix multiplication is associative.

Identity: The n x n identity matrix I,, has determinant 1 and is upper triangular.

Inverse: The product property 1 = det(I,,) = det(A~1A) = det(A~!) - det(A) shows that if det(A) = 1,
then det(A™1) = 1 also.

Yes, it is a group. The relation det(AB) = det(A) - det(B) show that the set of n x n matrices with
determinant +1 is closed under multiplication. We know matrix multiplication is associative, and
det(I,) = 1. As in the preceding solution, we see that det(A) = 41 implies that det(A~!) = £1, so
we have a group.

a. We must show that S is closed under *, that is, that a+b+ab # —1 for a,b € S. Now a+b+ab = —1
if and only if 0 = ab+a+b+ 1= (a+1)(b+1). This is the case if and only if either a = —1 or
b = —1, which is not the case for a,b € S.

b. Associative: We have
ax(bxc)=ax(b+c+bc)=a+ (b+c+bc)+alb+c+bc)=a+b+c+ab+ac+ bc+ abe
and

(axb)xc=(a+b+ab)xc=(a+b+ab)+c+ (a+b+ab)c=a+b+c+ab+ ac+ bc+ abe.
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Identity: 0 acts as identity elemenr for *, for 0 xa = a * 0 = a.

Inverses: =% acts as inverse of a, for

—a L0 Lo a(a+1)—a—a? 0
=Q a g = =
a+1 a+1 a+1 a+1 a+1

c. Because the operation is commutative, 2% x %3 = 2+ 3xx = 11 *x. Now the inverse of 11 is -11/12
by Part(b). From 11 x = 7, we obtain

—11 —11 —11 —11+84 — 77 —4 1

S T R TR T R T B N
lelalb]c lelalb]c lelalb]c
ellelalb]|ec ellelalb]ec ellelalb]ec
allalelc|b allale|c]|b allalb|lc|e
bllblclela bllblclale bllblclela
clleclblale cllelblela cleclelalbd

Table I Table IT Table 111

Table I is structurally different from the others because every element is its own inverse. Table II can
be made to look just like Table IIT by interchanging the names a and b everywhere to obtain

le|b]a]

SEESRE=A R

ol
Qoo || o
ool
ool

and rewriting this table in the order e, a, b, c.
a. The symmetry of each table in its main diagonal shows that all groups of order 4 are commutative.
b. Table III gives the group Uy, upon replacing e by 1, a by 4, b by -1, and ¢ by —i.

c. Take n = 2. There are four 2 x 2 diagonal matrices with entries +1, namely

10 -1 0 1 0 -1 0
p=lo Va3 Ve=]y O] mae=] 0]

If we write the table for this group using the letters E, A, B, C in that order, we obtain Table I with
the letters capitalized.

A binary operation on a set {z,y} of two elements that produces a group is completely determined
by the choice of x or y to serve as identity element, so just 2 of the 16 possible tables give groups.
For a set {x,y, 2z} of three elements, a group binary operation is again determined by the choice z, y,
or z to serve as identity element, so there are just 3 of the 19,683 binary operations that give groups.
(Recall that there is only one way to fill out a group table for {e,a} and for {e, a,b} if you require e
to be the identity element.)

The orders G1G3G9, G3G1Go, and G3G2G1 are not acceptable. The identity element e occurs in the
statement of (G3, which must not come before e is defined in G.
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4. Groups

Ignoring spelling, punctuation and grammar, here are some of the mathematical errors.
a. The statement “x = identity” is wrong.

b. The identity element should be e, not (e). It would also be nice to give the properties satisfied by
the identity element and by inverse elements.

c. Associativity is missing. Logically, the identity element should be mentioned before inverses. The
statement “an inverse exists” is not quantified correctly: for each element of the set, an inverse exists.
Again, it would be nice to give the properties satisfied by the identity element and by inverse elements.

d. Replace “ such that for all a,b € G” by “if for all a € G”. Delete “under addition” in line 2. The
element should be e, not {e}. Replace “=¢” by “=a” in line 3.

We need only make a table that has e as an identity element and has an e in each row and each

column of the body of the table to satisfy axioms G5 and G3. Then we make some row or column
* H e ‘ a ‘ b

contain some element twice, and it can’t be a group, so G1 must fail. €l a Z
al|ale
blblale

FTTFFTTTFT

Multiply both sides of the equation a *b = a * ¢ on the left by the inverse of a, and simplify, using the
axioms for a group.

Show that x = a’ * b is a solution of a x x = b by substitution and the axioms for a group. Then show
that it is the only solution by multiplying both sides of the equation a x x = b on the left by a’ and
simplifying, using the axioms for a group.

Let ¢ : G — G’ be a group isomorphism of (G, *) onto (G', «’), and let a,a’ € G such that a xa’ = e.
Then ¢(e) = ¢p(axa’) = ¢(a) ¥ ¢(a’). Now ¢(e) is the identity element of G’ by Theorem 3.14. Thus
the equation ¢(a) " ¢(a’) = ¢(e) shows that ¢(a) and ¢(a’) are inverse pairs in G', which was to be
shown.

Let S = {z € G | 2/ # x}. Then S has an even number of elements, because its elements can be
grouped in pairs z,2’. Because G has an even number of elements, the number of elements in G but
not in S (the set G — S) must be even. The set G — S is nonempty because it contains e. Thus there
is at least one element of G — S other than e, that is, at least one element other than e that is its own
inverse.

a. We have (axb)*xc = (|a|b)*c |(|a|b)|c = | ablc. We also have a x(bxc) = ax*(|b|c) = |a||blc = | ablc,
so * is associative.

b. We have 1 xa = |1|a = a for all a € R* so 1 is a left identity element. For a € R*,1/|al is a right
inverse.

c. It is not a group because both 1/2 and -1/2 are right inverse of 2.
d. The one-sided definition of a group, mentioned just before the exercises, must be all left sided or

all right sided. We must not mix them.

Let (G, *) be a group and let « € G such that x * z = x. Then = * z = x * e, and by left cancellation,
x = e, so e is the only idempotent element in a group.
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We have e = (axb) % (a*xb), and (a*xa)* (b*xb) =exe =e also. Thus axbxa*b=axaxbx*b. Using
left and right cancellation, we have b a = a * b.

Let P(n) = (a*b)" = a™ * b". Since (a*b)' = a*xb=a'*b', we see P(1) is true. Suppose P(k) is
true. Then (a * b)**1 = (a % b)* x (a xb) = (aF % b¥) * (a* b) = [a* x (b¥ x a)] * b = [aF * (a * ¥ x b =
[(aF % a)*bF] b = (a*FT1 % bF) xb = aF1x (bF xb) = a¥+1 xb**1, This completes the induction argument.

The elements e, a, a?, a3, - - -, a™ aren’t all different since G has only m elements. If one of a, a?, a3, - -,
a™ is e, then we are done. If not, then we must have a* = o’ where i < j. Repeated left cancellation
of a yields e = a/ 7"

We have (a*b)* (axb) = (a*xa)*(bxb),soax[bx(axb)] =ax[ax(bxb)] and left cancellation yields
bx(axb) =ax(bxb). Then (bxa)+b= (ax*b)x*band right cancellation yields b * a = a * b.

)
Let a*b=0bxa. Then (a*b) = (bxa) = a' x by Corollary 4.17. Conversely, if (a xb) = a’ x ¥/,
then b’ xa’ = a' x /. Then (V' xa’) = (a' * V') so (a') * (V') = (V) % (a’) and axb=0bxa.

We have axbxc = ax(bxc) = e, which implies that bxc is the inverse of a. Therefore (bxc)xa = bxcxa = e
also.

We need to show that a left identity element is a right identity element and that a left inverse is a
right inverse. Note that exe = e. Then (/' xz)xe = 2/ xx so (') * (2’ xz) xe = (2')" * (2/ xx). Using
associativity, [(2/) x 2’| x x xe = [(a’) * 2/] x . Thus (exx)xe =exx so xxe = x and e is a right
identity element also. If a’ x a = e, then (a/ x a) * ' = e * a’ = a/. Multiplication of a’ x a *x a’ = a’ on
the left by (a’)" and associativity yield a * ' = e, so @’ is also a right inverse of a.

Using the hint, we show there is a left identity element and that each element has a left inverse. Let
a € G; we are given that G is nonempty. Let e be a solution of y xa = a. We show at exb = b for any
b € G. Let ¢ be a solution of the equation a xx =b. Thenexb=-ex* (a*xc) = (e*xa)*xc=ax*c=0b.
Thus e is a left identity. Now for each a € G, let a/ be a solution of y*xa = e. Then d’ is a left inverse
of a. By Exercise 38, G is a group.

It is easy to see that (G,x*) is a group, because the order of multiplication in G is simply reversed:
(a*xb)*c=a=x(bxc) follows at once from c¢- (b-a) = (c-b) - a, the element e continues to act as
identity element, and the inverse of each element is unchanged.

Let ¢(a) = a for a € G, where d’ is the inverse of a in the group (G, -). Uniqueness of inverses
and the fact that (a’)’ = a show at once that ¢ is one to one and onto G. Also, ¢(a-b) = (a-b) =
b -ad =d xb = ¢(a) x ¢(b), showing that ¢ is an isomorphism of (G, -) onto (G, x).

Let a,b € G. If gxaxg = gxbxg, then a = b by group cancellation, so i, is a one-to-one
map. Because ig(¢' xaxg) = g+ g *axg*g = a, we see that i, maps G onto G. We have
iglaxb) =gxaxbxg =gxax (g xg)xbxg = (gxaxg)x(g*xbxg')=1i4(a)*ig(h), so i, satisfies
the homomorphism property also, and is thus an isomorphism.

5. Subgroups

1.

6.

Yes 2. No, there is no identity element. 3. Yes 4. Yes 5. Yes

No, the set is not closed under addition. 7. QF and {7" | n € Z}
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11.

12.

13.

14.
15.
16.
17.
18.
19.

20.

21.

23.

25.

26.

5. Subgroups

. No. If det(A) = det(B) = 2, then det(AB) = det(A)det(B)= 4. The set is not closed under multipli-

cation.

. Yes 10. Yes, see Exercise 17 of Section 4.

No. If det(A) = det(B) = -1, then det(AB) = det(A)det(B) = 1. The set is not closed under
multiplication.

Yes, see Exercise 17 of Section 4.

Yes. Suppose that (AT)A = I,, and (BT)B = I,,. Then we have (AB)TAB = BT (ATA)B = BTI,B =
BTB = I,,, so the set of these matrices is closed under multiplication. Since InT =1, and I, I, = I,
the set contains the identity. For each A in the set, the equation (A7)A = I,, shows that A has an
inverse AT. The equation (AT)T AT = AAT = I,, shows that AT is in the given set. Thus we have a
subgroup.

a) No, I is not closed under addition. b) Yes

a) Yes  b) No, it is not even a subset of F.

a) No, it is not closed under addition. b) Yes

No, it is not closed under addition. b) No, it is not closed under multiplication.

)
)
)
a) No, it is not closed under addition. b) Yes
a)
a)

Yes  b) No, the zero constant function is not in F.

G1 <G, G1 <Gy G2 < G1, G2 < Ga, G2 <Gy, G2 <G, G2 <Gy G3 < (G3, G3<Gs
Gy <Gy G5 < Gs Ge < G5, Gg < Gg G7 < G, Gr <Gy, G7 <Gy
Gg < G1, Gg < Gy, Gg < G, Gy < Gy Gy < G3, Gg < G5, Gg < Gy

0 -1 10
11 2 1 1
a. -50,-25,0, 25,50 b. 4, 2, ]., 551 C. 1’71-’7[-’;’? 22. |:_1 0 :|, |:O 1:|
. 1 n : 3" 0
All the matrices 0 1 for n € Z. 24. All the matrices 0 on for n € Z.
n _92n+1
All matrices of the form [ 40 491 ] or [ _29n+1 20 } for n € Z.
(31 is cyclic with generators 1 and -1. G is not cyclic. (3 is not cyclic.
Gy is cyclic with generators 6 and -6. G’ is cyclic with generators 6 and %. G is not cyclic.

To get the answers for Exercises 27 - 35, the student computes the given element to succesive powers

(or summands). The first power (number of summands) that gives the identity element is the order of the
cyclic subgroup. After students have studied Section 9, you might want to come back here and show them
the easy way to handle the row permutations of the identity matrix in Exercises 33 - 35 by writing the
permutation as a product of disjoint cycles. For example, in Exercise 35, row 1 is in row 4 place, row 4 is
in row 2 place, and row 2 is in row 1 place, corresponding to the cycle (1,4,2). Row 3 is left fixed.

27.

4 28. 2 29. 3 30. 5 31. 4 32. 8 33. 2 34. 4 35. 3
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5. Subgroups 19

46| 0]1]2|3|4(5 b. (0) = {0}
O (|0|1]2(3[4]|5 (2) = (4) ={0,2,4}
1 1121314510 (3) = {0, 3}
a. 2 ||213|4]|5(0]1 (1y = (5) =
3 13145012
4 1415101213 c. landb)
5 5101123 |4

B
—~
—
~
I
—
Ot
~

/
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(=)
=

Incorrect, the closure condition must be stated.

A subgroup of a group G is a subset H of G that is closed under the induced binary operation
from G, contains the identity element e of G, and contains the inverse h~! of each h € H.

The definition is correct. 39. TFTFFFFFTF

2

In the Klein 4-group, the equation z“ = e has all four elements of the group as solutions.

Closure: Let a,b € H so that ¢(a),p(b) € ¢[H]. Now (a xb) € H because H < G. Since ¢ is an
isomorphism, ¢(a) " ¢(b) = gb(a xb) € ¢[H], so ¢[H] is closed under «'.

Identity: By Theorem 3.14, ¢/ = ¢(e) € ¢[H].
Inverses: Let a € H so that ¢(a) € ¢[H]. Then a~! € H because H is a subgroup of G. We have
¢ =d(e) = dla™" xa) = ¢(a™")  ¢(a), so ¢(a) ™" = p(a™") € $[H].

Let a be a generator of G. We claim ¢(a) is a generator of G'. Let b’ € G'. Because ¢ maps G
onto G’, there exists b € G such that ¢(b) = b’. Because a generates G, there exists n € Z such that
b= a". Because ¢ is an isomorphism, b’ = ¢(b) = ¢(a") = ¢(a)". Thus G’ is cyclic.

Closure: Let S ={hk | h € H,k € K} and let z,y € S. Then = = hk and y = h'k’ for some h,h/ € H
and k, k' € K. Because G is abelian, we have xy = hkh'k’ = (hh')(kE'). Because H and K are
subgroups, we have hh' € H and kk’ € K, so zy € S and S is closed under the induced operation.

Identity: Because H and K are subgroups, e € H and e € K so e =ee € S.

Inverses: For x = hk, we have h™! € H and k! € K because H and K are subgroups. Then
h=1k=! € S and because G is abelian, h='k~! = k=1h~! = (hk)~! = 27!, so the inverse of x is in S.
Hence S is a subgroup.

If H is empty, then there is no a € H.

Let H be a subgroup of G. Then for a,b € H, we have b~' € H and ab~' H because H must be
closed under the induced operation.

Conversely, suppose that H is nonempty and ab~! € H for all a,b € H. Let a € H. Then taking
b = a, we see that aa™! = e is in H. Taking a = e, and b = a, we see that ea ' =a~' € H. Thus H
contains the identity element and the inverse of each element. For closure, note that for a,b € H, we
also have a,b~! € H and thus a(b~1)"! =ab € H.
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46.

47.

48.

49.

50.

51.

52.

53.

54.

5. Subgroups
Let B = {e,a,a?,a>,---,a" '} be a cyclic group of n elements. Then a~! = a"~! also generates G,
because (a~!)! = (a*)"! = a" ¢ for i = 1,2,---,n — 1. Thus if G has only one generator, we must

have n — 1 =1 and n = 2. Of course, G = {e} is also cyclic with one generator.

Closure: Let a,b € H. Because G is abelian, (ab)? = a?b? = ee = e so ab € H and H is closed under
the induced operation.

Identity: Because ee = e, we see ¢ € H.

Inverses: Because aa = e, we see that each element of H is its own inverse. Thus H is a subgroup.

Closure: Let a,b € H. Because G is abelian, (ab)” = a"b" = ee = e so ab € H and H is closed under
the induced operation.

Identity: Because e™ = e, we see that e € H.

Inverses: Let a € H. Because a™ = e, we see that the inverse of a is a”~! which is in H because H is
closed under the induced operation. Thus H is a subgroup of G.

Let G have m elements. Then the elements a,a?, a3, ---,a™t! cannot all be different, so a’ = a? for

some i < j. Then multiplication by a~* shows that e = a/ %, and we can take j — i as the desired n.

Let a € H and let H have n elements. Then the elements a, a?,a?,---,a" ™! are all in H (because H is
closed under the operation) and cannot all be different, so a* = a’ for some i < j. Then multiplication
by a~% shows that e = a’~% so e € H. Also, a~! € H because a~! = a/~*~!. This shows that H is a
subgroup of G.

Closure: Let xz,y € H,. Then za = ax and ya = ay. We then have (zy)a = z(ya) = z(ay) = (za)y =
(ax)y = a(xy), so zy € H, and H, is closed under the operation.

Identity: Because ea = ae = a, we see that e € H,,.

1 1

Inverses: From xa = ax, we obtain zar~! = a and then az~! = 2~ 'a, showing that z=! € H,, which

is thus a subgroup.

a. Closure: Let x,y € Hg. Then zs = sz and ys = sy for all s € S. We then have (zy)s = z(ys) =
x(sy) = (zs)y = (sz)y = s(xy) for all s € S, so xy € Hg and Hg is closed under the operation.

Identity: Because es = se = s for all s € .S, we see that e € Hg.

1 1

Inverses: From xs = sz for all s € S, we obtain zsz™' = s and then sz™! = z7!'s for all s € S,

showing that x~! € Hg, which is thus a subgroup.

b. Let a € Hg. Then ag = ga for all g € G; in particular, ab = ba for all b € Hg because Hg is a
subset of G. This shows that Hg is abelian.

Reflezive: Let a € G. Then aa™! = e and e € H since H is a subgroup. Thus a ~ a.

Symmetric: Let a,b € G and a ~ b, so that ab~! € H. Since H is a subgroup, we have (ab=!)~! =
ba=' € H,s0 b~ a.

Transitive: Let a,b,c € G and a ~ b and b ~ ¢. Then ab~! € H and be™! € H so (ab~1)(bc™!) =
ac' € H,and a ~ c.

Closure: Let a,b € HN K. Then a,b € H and a,b € K. Because H and K are subgroups, we have
ab e H and abe K,soabe HNK.

Identity: Because H and K are subgroups, we have e € H ande€ K soe € HNK.

Inverses: Let a € HNK so a € H and a € K. Because H and K are subgroups, we have a=! € H
anda'eK,soale HNK.



55.

56.

57.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

6. Cyclic Groups 21

Let G be cyclic and let a be a generator for G. For x,y € G, there exist m,n € Z such that x = a™
and y = b". Then zy = a™b" = a™™" = o™ = a"a™ = yx, so G is abelian.

We can show it if G is abelian. Let a,b € G so that a",b" € G,,. Then a™b™ = (ab)” because G is
abelian, so G, is closed under the induced operation. Also e = e" € G,,. Finally (a")~! = (™))" € G,,
so Gy, is indeed a subgroup of G.

Let G be a group with no proper nontrivial subgroups. If G = {e}, then G is of course cyclic. If

G # {e}, then let a € G,a # e. We know that (a) is a subgroup of G and (a) # {e}. Because G has
no proper nontrivial subgroups, we must have (a) = G, so G is indeed cyclic.

Cyclic Groups

L A42=9446,g=4,r =6 2. —42=9(=5)+3,g=—5,r =3 3. =50 =8(—=7)+6,¢=—T7,7r =6

0=8-6+2,g=06,7r=2 5.8 6. 8 7. 60

. 1,2, 3, and 4 are relative prime to 5 so the answer is 4.

. 1, 3, 5, and 7 are relatively prime to 8 so the answer is 4.

1, 5, 7, and 11 are relatively prime to 12 so the answer is 4.

1,7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 49, 53,and 59 are relatively prime to 60 so the answer is
16.

There is one automorphism; 1 must be carried into the only generator which is 1.
There are 2 automorphisms; 1 can be carried into either of the generators 1 or 5
There are 4 automorphisms; 1 can be carried into any of the generators 1, 3, 5, or 7.
There are 2 automorphisms; 1 can be carried into either of the generators 1 or -1.
There are 4 automorphisms; 1 can be carried into any of the generators 1, 5, 7, or 11.
ged(25, 30) = 5 and 30/5 = 6 so (25) has 6 elements.

ged(30, 42) = 6 and 42/6 = 7 so (30) has 7 elements.

The polar angle for i is /2, so it generates a subgroup of 4 elements.

The polar angle for (1 +i)/v/2 is 7/4, so it generates a subgroup of 8 elements.

The absolute value of 1 + i is v/2, so it generates an infinite subgroup of X( elements.
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6. Cyclic Groups

Subgroup diagram: 23. (See the answer in the text.)

L2

. N\
/ \ e
\{0}/

Subgroup diagram:
Lsg

(2)

{4)

{0}
1,2, 3,6 26. 1,2, 4, 8 27. 1,2, 3, 4,6, 12 28. 1,2, 4, 5, 10, 20 29. 1, 17

Incorrect; n must be minimal in Z* with that property.

An element a of a group G has order n € Z* if a” = e and a™ # e for m € Z* where m < n.
The definition is correct.
TFFFTFFFTT f) The Klein 4-group is an example. g) 9 generates Zsy.
The Klein 4-group 34. (R, +) 35. Zs

No such example exists. Every infinite cyclic group is isomorphic to (Z, +) which has just two gener-
ators, 1 and -1.

Zg has generators 1, 3, 5, and 7. 38. ¢ and —i
Corresponding to polar angles n(27/6) for n = 1 and 5, we have %(1 +iv/3).

Corresponding to polar angles n(2x/8) for n = 1,7,3, and 5, we have \[(1 +4) and \[( 1+4).

Corresponding to polar angles n(2m/12) for n = 1,11,5, and 7, we have 3(v/3 +1) and $(—v/3 £ ).

Expressing two elements of the group as powers of the same generator, their product is the generator
raised to the sum of the powers, and addition of integers is commutative.
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Asuming the subgroup isn’t just {e}, let a be a generator of the cyclic group, and let n be the smallest
positive integer power of a that is in the subgroup. For a™ in the subgroup, use the division algorithm
for n divided by m and the choice of n to argue that n = gm for some integer ¢, so that a™ = (a™)4.

By the homomorphism property ¢(ab) = ¢(a)p(b) extended by induction, we have ¢(a™) = (¢(a))™ for
all n € Z+. By Theorem 3.14, we know that ¢(a®) = ¢(e) = €¢/. The equation ¢’ = ¢(e) = ¢(aa™") =
d(a)p(a=t) shows that ¢p(a=t) = (¢(a))~!. Extending this last equation by induction, we see that
d(a™™) = (¢(a))~™ for all negative integers —n. Because G is cyclic with generator a, this means that
for all g =a™ € G, ¢(g9) = ¢p(a™) = [¢(a)]™ is completely determined by the value ¢(a).

The equation (nir+mqs) + (ner +maos) = (n1 +ng)r + (m1 + me)s shows that the set is closed under
addition. Because Or + 0s = 0, we see that 0 is in the set. Because [(—m)r + (—n)s] + (mr +ns) =0,
we see that the set contains the inverse of each element. Thus it is a subgroup of Z.

Let n be the order of ab so that (ab)” = e. Multiplying this equation on the left by b and on the right
by a, we find that (ba)"*! = bea = (ba)e. Cancellation of the first factor ba from both sides shows
that (ba)™ = e, so the order of ba is < n. If the order of ba were less than n, a symmetric argument
would show that the order of ab is less than n, contrary to our choice of n. Thus ba has order n also.

a. As a subgroup of the cyclic group (Z,+), the subgroup G = rZ N sZ is cyclic. The positive
generator of GG is the least common multiple of r and s.

b. The least common multiple of  and s is rs if and only if r and s are relative prime, so that they
have no common prime factor.

c. Let d = ir + js be the ged of r and s, and let m = kr = gs be the least common multiple of r
and s. Then md = mir + mjs = gsir + krjs = (qi + kj)rs, so rs is a divisor of md. Now let r = ud
and let s = vd. Then rs = wvdd = (uvd)d, and uvd = rv = su is a multiple of r and s, and hence
uvd = mt. Thus rs = mtd = (md)t, so md is divisor of rs. Hence md = rs.

Note that every group is the union of its cyclic subgroups, because every element of the group generates
a cyclic subgroup that contains the element. Let G have only a finite number of subgroups, and hence
only a finite number of cyclic subgroups. Now none of these cyclic subgroups can be infinite, for
every infinite cyclic group is isomorphic to Z which has an infinite number of subgroups, namely
7,27.,37Z,---. Such subgroups of an infinite cyclic subgroup of G would of course give an infinite
number of subgroups of G, contrary to hypothesis. Thus G has only finite cyclic subgroups, and only
a finite number of those. We see that the set G can be written as a finite union of finite sets, so G is
itself a finite set.

The Klein 4-group V is a counterexample.

Note that zaz~! # e because raxr™!
a has order 2. We have (rax™!)? = zaz~'zaxr!
unique element in G of order 2, we see that zaxz™
we obtain za = ax for all x € G.

= e would imply that za = x and a = e, and we are given that
1 I = ¢. Because a is given to be the
= a, and upon multiplication on the right by x,

=rxexr T =TT

1

The positive integers less that pq and relatively prime to pg are those that are not multiples of p and
are not multiples of q. There are p — 1 multiples of ¢ and ¢ — 1 multiples of p that are less than pq.
Thus there are (pg—1)—(p—1)—(¢—1)=pg—p—q+1=(p—1)(¢— 1) positive integers less than
pq and relatively prime to pq.
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7. Generators and Cayley Digraphs

The positive integers less than p” and relatively prime to p” are those that are not multiples of p.
There are p"~! — 1 multiples of p less than p”. Thus we see that there are (p" — 1) — (p"~1 — 1) =
p" —p ! =p"1(p — 1) positive integers less than p” and relatively prime to p".

It is no loss of generality to supppose that G = Z,, and that we are considering the equation mx = 0 for
a positive integer m dividing n. Clearly 0,n/m,2n/m,---,(m—1)n/m are m solutions of mz = 0. If r
is any solution in Z,, of ma = 0, then n is a divisor of mr, so that mr = gn. But then r = ¢(n/m) < n,
so that ¢ must be one of 0,1,2,---,m — 1, and we see that the solutions exhibited above are indeed
all the solutions.

There are exactly d solutions, where d is the gcd of m and n. Working in Z, again, we see that
0,n/d,2n/d,---,(d — 1)n/d are solutions of mz = 0. If r is any solution, then n divides mr so that
mr = nq and r = ng/m. Write m = myd and n = nid so that the ged of m; and n; is 1. Then
r = ng/m can be written as r = nidq/mid = nig/mi. Since m; and ny are relatively prime, we
conclude that m; divides ¢; let ¢ = mys. Then r = nig/m; = nymys/m; = ni1s = (n/d)s. Since
r < mn, we have n1s < n =mnid so s < d. consequently, s must be one of the numbers 0,1,2,---,d — 1
and we see that the solutions exhibited above are indeed all the solutions.

All positive integers less than p are relatively prime to p because p is prime, and hence they all generate
Zy,. Thus Z,, has no proper cyclic subgroups, and thus no proper subgroups, because as a cyclic group,
Zy, has only cyclic subgroups.

a. Let a be a generator of H and let b be a generator of K. Because G is abelian, we have (ab)"™ =
(@")*(b°)" = e"e® = e. We claim that no lower power of ab is equal to e, for suppose that (ab)" =
a™b” = e. Then a” = b~ = ¢ must be an element of both H and K, and thus generates a subgroup
of H of order dividing » which must also be a subgroup of K of order dividing s. Because r and s are
relatively prime, we see that we must have ¢ = e, so a” = b" = e. But then n is divisible by both r
and s, and because r and s are relatively prime, we have n = rs. Thus ab generates the desired cyclic
subgroup of GG of order rs.

b. Let d be the ged of r and s, and let s = dg so that ¢ and r are relatively prime and rq = rs/d
is the least common multiple of r and s (see Exercise 47c). Let a and b be generators of H and K
respectively. Then |(a)| = r and |(b%)| = ¢ where r and ¢ are relatively prime. Part(a) shows that the
element ab? generates a cyclic subgroup of order ¢ which is the least common multiple of r and s.

Generators and Cayley Digraphs

.0,1,2,3,4,5,6,7,8,9, 10, 11 2. 0,2, 4,6 8,10 3. 0,2 4,68, 10, 12, 14, 16

. 0, 6,12, 18, 24, 30 5. ---,—24,—18,—12,—6,0,6,12,18,24, - - -

-, —15,-12,-9,-6,-3,0,3,6,9,12,15, - - -

. a: Starting at the vertex a’b, we travel three solid lines in the direction of the arrow, arriving at a3b.

b. Starting at the vertex ab, we travel three solid lines in the direction of the arrow and then one
dashed line, arriving at a.

c. Starting at the vertex b, we travel two solid lines in the direction of the arrow and then one dashed
line, arriving at a?.
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lelalbleld]|f

lelalb]|ec ellelalblc|d]|f
elelalbl|c allalc|flel|lbd|d
allalelelb 9. (See the answer in the text.) 10. b{b|d|le|flalc
bllblc|lela cllecleld|al|f]|b
cllc|lblale dlld|flc|bl|lel|a
fIlflblald|cle

Choose a pair of generating directed arcs, call them arcl and arc2. Start at any vertex of the digraph,
and see if the sequences arcl, arc2 and arc2, arcl lead to the same vertex. (This corresponds to
asking if the two corresponding group generators commute.) The group is commutative if and only if
these two sequences lead to the same vertex for every pair of generating directed arcs.

It is not commutative, for a followed by b leads to ab, while b followed by a leads to a3b.

If more than one element of the cyclic group is used to generate the Cayley digraph, it may not be
obvious from the digraph that the group is cyclic. See, for example, Figure 7.9, where 5 actually
generates the group Zg having these digraphs generated by 2 and 3.

No, it does not contain the identity O.
(See the answer in the text.)

Here is a Cayley digraph.

0
3 . 5
2
6 \ f 2
5
D —
1 = 7
4

a. Starting from the vertex representing the identity, every path though the graph that terminates at
that same vertex represents a product of generators or their inverses that is equal to the identity and
thus gives a relation.

b. a* =e,b? = ¢, (ab)? = e.

The diagram in Figure 7.13a which represents the Klein 4-group, and a square with solid clockwise
arrows edges which represents Z,.

Generalizing Figure 7.13b, form a regular 2n-gon with alternately solid and dashed edges, without
arrows. The four properties listed after Example 7.10 in the text are satisfied and the digraph represent
a nonabelian group of order 2n for n > 3.
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8. Groups of Permutations
Groups of Permutations
1 2 3 45 6 9 1 2 3 45 6 3 1
) 1 2 3 6 5 4 "\2 415 6 3 "\ 3
1 23 45 6 5 1 23 45 6
5 1 6 2 4 3 "\2 6 1 5 4 3
. Starting with 1 and applying o repeatedly, we see that o takes 1 to 3 to 4 to 5 to 6 to 2 to 1, so o5 is

the smallest possible power of o that is the identity permutation. It is easily checked that % carries
2, 3, 4, 5 and 6 to themselves also, so 0% is indeed the identity and |(c)| = 6.

— W
[©231SN
N Ot
ot O
S~—

=N

) 1 23456

— P 2)2 : et 2y _
TS = ( 4139215 6 ) and it is clear that (7)° is the identity. Thus we have |(7°)| = 2.

. Because 09 is the identity permutation (see Exercise 6), we have
1 23 45 6
100 _ (, 6\16, 4 _ 4 _
7 _(")U_“_<652 1 34)'

. We find that p? is the identity permutation, so u!% = (42)% is also the identity permutation.

{Z,17Z,37Z,{m)} is a subcollection of isomorphic groups, as are {Zg, G}, {Z2, S2}, {Ss}, {Q}, {R,RT},
{R*}, {Q*}, and {C*}.

{1,2,3,4,5,6} 12. {1,2,3,4} 13. {1,5}

We see that €, p, and p? give the three positions of the triangle in Fig. 8.9 obtained by rotations. The
permutations ¢, pp, and p?¢ amount geometrically to turning the triangle over (¢) and then rotating
it to obtain the other three positions.

A similar labeling for Dy is €, p, p?, p3, &, po, p*¢, p>¢ where their ¢ is our p1. They correspond to our
elements in the order po, p1, p2, p3, fi1, 61, p2, d2.

o may have the action of any of the six possible permutations of the set {1,2,4}, so there are six
possibilities for o.

There are 4 possibilities for o(1), then 3 possibilities for o(3), then 2 possibilities for o(4), and then
1 possibility for o(5), for 4 -3 -2 -1 = 24 possibilities in all.

. a. (p1) = (p2) = {po, p1, p2} and (u1) = {po, p1 }.

P

b. {PO;PlaPQ} {p()?,ul} {P(bl@} {p07,u’3}

\\//

{po}

(See the answer in the text.)

. This group is not isomorphic to S3 because it is abelian and S5 is nonabelian. It is isomorphic to Zg.
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Lo [ o || P o] p°
LA e P00
p oo o] |F
Pl et P A" p
Pl et 0" p]0?
Pt et [P A" o [0 ] P
ANV
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(See the answer in the text.)

We list matrices in order corresponding to the permutations pg, p1, p2, p3, 41, U2, 91,02 of Dy. Thus
1 2 3 4
2 1 4 3
identity by interchanging row 1 with row 2 and row 3 with row 4.

the fifth matrix listed, which corresponds to pu; = ( is the matrix obtained from the

100 0 0001 0010 0100
0100 1000 0001 0010
0010 0100 1000 0001
o001 |oo10] |[o100] |100 0]
010017 [0o001] [OoO1O0] [100 0]
1000 0010 0100 0001
0001 0100 1000 0010
o010/ |1000] |[00o01] |010 0]

The identity and flipping over on the vertical axis that falls on the vertical line segment of the figure
give the only symmetries. The symmetry group is isomorphic to Zs.

As symmetries other than the identity, the figure admits a rotation through 180°, a flip in the vertical
line shown, and a flip in the analogous horizontal line (not shown). This group of four elements is
isomorphic to the Klein 4-group.

If we join endpoints of the line segments, we have a square with the given lines as its diagonals. The
symmetries of that square produce all the symmetries of the given figure, so the group of symmetries
is isomorphic to Dy.

The only symmetries are those obtained by sliding the figure to the left or to the right. We consider
the vertical line segments to be one unit apart. For each integer n, we can slide the figure n units to the
right if n > 0 and |n| units to the left if n < 0, leaving the figure alone if n = 0. A moment of thought
shows that performing the symmetry coresponding to an integer n and then the one corresponding
to an integer m yields the symmetry corresponding to n + m. We see that the symmetry group is
isomorphic to Z.

(See the answer in the text.)

Replace the final “to” by ”onto”.

A permutation of a set S is a one-to-one map of S onto S.

The definition is correct. 30. This one-to-one map of R onto R is a permutation.
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8. Groups of Permutations

This is not a permutation; it is neither one to one nor onto. Note that f2(3) = fo(—3) = 9 and
f2(x) = —1 has no solution.

This one-to-one map of R onto R is a permutation.

This is not a permutation, it is not a map onto R. Note that fy(x) # —1 for any = € R.
This is not a permutation. Note that f5(2) = f5(—1) =0, so f5 is not one to one.
TFTTTTFFFT

Every proper subgroup of S3 is abelian, for such a subgroup has order either 1, 2, or 3 by Exercise
18b.

Function composition is associative and there is an identity element, so we have a monoid.

Let p denote the rotation through 27 /n radians and let ¢ denote the reflection (flip) an axis through a
vertex that bisects the vertex angle there. The diagram below shows the top part of a Cayley digraph
consisting of two concentric n-gons whose 2n vertices correspond to the elements of D,. We let ¢
denote the identity element.

\
n2/\ \p\
\
\

/\ /
e P, ¢

If x is a fixed element of G, then mapping each g in G into xg gives a permutation A, of G. The map
¢ of G into Sg that carries each x in GG into A, is then an isomorphism of G with a subgroup of the
group Sg-.

Yes, it is a subgroup.

Closure: If o(b) = b and pu(b) = b, then (ou)(b) = o(u(b)) = o(b) = 0.

Identity: The identity carries every element into itself, and hence carries b into b.

Inverses: If o(b) = b, then o~ 1(b) = b.

No, the set need not be closed under the operation if B has more than one element. Suppose that o
and p are in the given set, that b,c¢ € B and o(b) = ¢ but that u(c) ¢ B. Then (uo)(b) = u(o(b)) =
w(c) ¢ B, so po is not in the given set.

No, an inverse need not exist. Supppose A = Z and B = Z*, and let 0 : A — A be defined by
o(n) =n+ 1. Then o is in the given set, but o~! is not because c=(1) =0 ¢ Z*.

Yes, it is a subgroup. Use the proof in Exercise 40, but replace b by B and () by []| everywhere.

The order of D, is 2n because the regular n-gon can be rotated to n possible positions, and then
turned over and rotated to give another n positions. The rotations of the n-gon, without turning it
over, clearly form a cyclic subgroup of order n.
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The group has 24 elements, for any one of the 6 faces can be on top, and for each such face on top,
the cube can be rotated in four different positions leaving that face on top. The four such rotations,
leaving the top face on top and the bottom face on the bottom, form a cyclic subgroup of order 4.
There are two more such rotation groups of order 4, one formed by the rotations leaving the front and
back faces in those positions, and one formed by the rotations leaving the side faces in those positions.
One exhibits a subgroup of order three by taking hold of a pair of diagonally opposite vertices and
rotating through the three possible positions, corresponding to the three edges emanating from each
vertex. There are four such diagonally opposite pairs of vertices, giving the desired four groups of
order three.

Let n > 3, and let p € S, be defined by p(1) = 2,p(2) = 3,p(3) =1, and p(m) = m for 3 <m < n.
Let u € S, be defined by p(1) = 1, u(2) = 3, u(3) = 2, and u(m) = m for 3 < m < n. Then pu # up
so Sy, is not commutative. (Note that if n = 3, then p is our element p; and p is our element p; in

Ss.)

Suppose o(i) = m # i. Find v € S,, such that (i) = ¢ and y(m) = r where r # m. (Note this is
possible because n > 3.) Then (07)(i) = o(y(¢)) = o(i) = m while (yo)(i) = y(c (7)) = y(m) = r, so
07y # vyo. Thus oy = vo for all v € S, only if ¢ is the identity permutation.

Let ¢ be an element in both Oy » and Oy ,. Then there exist integers r and s such that 0" (a) = ¢
and 0°(b) = ¢. Then 0" *(a) = 07 *(0"(a)) = 07 %(c) = b. Therefore, for each integer n € Z, we see
that ¢"(b) = 0" ~%(a). Hence {c"(b) | n € Z} = {¢"(a) | n € Z}.

Let A ={ai,as,---a,}. Let 0 € Sy be defined by o(a;) = a;41 for 1 <i < n and o(a,) = a1. (Note
that o essentially performs a rotation if the elements of A are spaced evenly about a circle.) It is clear
that o™ is the identity permutation and |[(o)| = n = |A|. We let H = (o). Let a; and a; be given;
suppose i < j. Then 0/7%(a;) = a; and '~ (a;) = a;, so H is transitive on A.

Let (o) be transitive on A and let a € A. Then {0"(a) | n € Z} must include all elements of A, that
is, 04,0 = A.

Conversely, suppose that O, » = A for some a € A. Then {¢"(a) | n € Z} = A. Let b,c € A and
let b = 0"(a) and ¢ = 0%(a). Then 05" (b) = 0%(0~"(b)) = 0°(a) = ¢, showing that (o) is transitive
on A.

a. The person would see all possible products a *' b and all instances of the associative property for
* in G'.

b. Associativity: Let a,b,c € G'. Then a*’ (b*'c) = a*' (cxb) = (cxb)xa=cx(bxa) = (bxa)* c=
(a ' b) ¥ ¢ where we used the fact that G is a group and the definition of «'.

Identity: We have e¥’ a =a*xe=aand ax’ e=e*xa =a for all a € G'.

1 1 -1 1

Inverses: Let a € G and let ! be the inverse of a in G. Then a ™ '¥'a = axa ™' = e = a"'xa = a¥’'a™!,

so a1 is also the inverse of a in G'.

To start, we show that p, is a permutation of G. If p,(x) = pa(y), then za = ya and = = y by group
cancellation, so p, is one to one. Because p,(za~!) = za~'a = z, we see that p, maps G onto G.
Thus p, is a permutation of the set G. Let G” = {p, | a € G}.

For a,b € G, we have (papp)(2) = pa(pp(z)) = pa(xb) = xba = ppe(z), showing that G” is closed
under permutation multipliction. Because p. is the identity permutation and because p,-1p, = pe,
we see that G” is a subgroup of the group S¢ of all permutations of G.
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Let ¢ : G — G” be defined by ¢(a) = p,-1. Clearly ¢ is one to one and maps G onto G”. From
the equation pspp = ppq derived above, we have ¢(ab) = ppy-1 = Pp-1a-1 = Pa-1pp-1 = P(a)B(b),
which is the homomorphism property for ¢. Therefore ¢ is an isomorphism of G onto G”.

a. Let us show that that the n x n permutation matrices form a subgroup of the group GL(n,R) of
all invertible n X n matrices under matrix multiplication. If P; and P, are two of these permutation
matrices, then the exercise stated that P; P is the matrix that produces the same reordering of the
rows of P, as the reordering of the rows of I, that produced P;. Thus P; P> can again be obtained
from the identity matrix I,, by reordering its rows, so it is a permutation matrix. The matrix I, is
the identity permutation matrix. If P is obtained from I, by a reordering the rows that puts row i
in the position j, then P~! is the matrix obtained from I,, by putting row j in position i. Thus the
n X n permutation matrices do form a group under permutation multiplication.

Let us number the elements of G from 1 to n, and number the rows of I, from 1 to n, say from
top to the bottom in the matrix. Theorem 8.16, says we can associate with each g € G a permutation
(reordering) of the elements of G, which we can now think of as a reordering of the numbers from
1 to n, which we can in turn think of as a reordering of the rows of the matrix I,,, which is in turn
produced by multiplying I,, on the left by a permutation matrix P. The effect of left multiplication
of a matrix by a permutation matrix, explained in the exercise, shows that this association of g with
P is an isomorpism of G with a subgroup of the group of all permutation matrices.

b. Proceeding as in the second paragraph of Part(a), we number the elements e, a,b, and ¢ of the
Klein 4-group in Table 5.11 with the numbers 1, 2, 3, and 4 respectively. Looking at Table5.11,
we see that left multiplication of each of e, a, b, ¢ by a produces the sequence a,e,c,b. Applying the
same reordering to the numbers 1, 2, 3, 4 produces the reordering 2, 1, 4, 3. Thus we associate with
a the matrix obtained from the I by interchanging rows 1 and 2 and interchanging rows 3 and 4.
Proceeding in this fashion with the other three elements, we obtain these pairings requested in the
exercise.

1 0 0O 01 0O 0 01 0 0 0 01

01 00 1 0 0O 0 0 01 0 01 0
e a b~ C >

0O 01 0 0 0 01 1 0 00 01 00

0 0 01 0 01 0 01 00 1 0 0O

9. Orbits, Cycles, and the Alternating Groups

1.

5.

10.

11.

12.

13.

{1,2,5},{3},{4,6}  2.{1,5,7,8},{2,3,6},{4}  3.{1,2,3,4,5},{6},{7.8} 4.Z
2n|neZ},{2n+1|neZ} 6. {3n|necZ},{(3n+1|necZ} {3n+2|neZ}
(iiss0ea:) s(sroeiiis) o(si528621)
(1,8),(3, 6, 4)(5, 7) and (1, 8)(3, 4)(3, 6)(5, 7)

(1, 3, 4)(2, 6)(5, 8, 7) and (1, 4)(1, 3)(2, 6)(5, 7)(5, 8)

(1,3,4,7,8,6,5,2) and (1, 2)(1, 5)(1, 6)(1, 8)(1, 7)(1, 4)(1, 3)

(See the answer in the text.)
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The greatest order is 6 and comes from a product of disjoint cycles of lengths 2 and 3.

The greatest order is 6 and comes from a cycle of length 6.

The greatest order is 12, coming from a product of disjoint cycles of lengths 4 and 3.

The greatest order is 30 and comes from a product of disjoint cycles of lengths 2, 3, and 5.
The greatest order is 105 and comes from a product of disjoint cycles of lengths 3, 5, and 7.
(See the text answer.) 20. The definition is correct.

The definition is incorrect; (1,4,5) is a cycle in S5, but it has three orbits, {1,4,5}, {2}, and {3}.

A permutation o of a finite set is a cycle if and only if ¢ has at most one orbit of cardinality
greater than 1.
The definition is incorrect; it must be specified as a subgroup of some S,,.

The alternating group A, is the subgroup of S,, consisting of the even permutations in S,,.
FTFFFFTTTF

The even permutations in S3 are pg = (12)(12),p1 = (1,2,3) = (1,3)(1,2), and p2 = (1,3,2) =
(1,2)(1,3).

| po | p1 | p2
PO || PO | P1 | P2
P1 || P1 | P2 | PO
P2 || P2 | PO | P1

Viewing a permutation ¢ in S, as permuting the rows of the identity matrix I,,, we see that if o could
be expressed as both an even and odd number of transpositions (giving row interchanges), then the
matrix resulting from applying o to I,, would have both determinant 1 and determinant -1.

If o is a permutation and 7 = (4, j) is a transposition in S, then by considering whether ¢ and j are
in the same or different orbits of o, we can show that the number of orbits of ¢ and of 7o differ by
1. Starting with the identity permutation ¢ which has n orbits and multiplying by transpositions to
produce o, we see that the number of transpositions can’t be both even and odd, for ¢ has either an
even or odd number of orbits, but not both.

a. Note that (1, 2)(1, 2) is the identity permutation in S,, and 2 < n — 1 if n > 2. Because
(1,2,3,4,---,n) = (I,n)(1,n —1)---(1,3)(1,2), we see that a cycle of length n can be written as a
product of n — 1 transpositions. Now a permutation in S, can be written as a product of disjoint
cycles, the sum of whose lengths is < n. If there are r disjoint cycles involved, we see the permutation
can be written as a product of at most n — r transpositions. Because r > 1, we can always write the
permutation as a product of at most n — 1 transpositions.

b. This follows from our proof of a., because we must have r > 2.

c. Write the odd permutation o as a product of s transpositions, where s < n — 1 by Part(a). Then
s is an odd number and 2n + 3 is an odd number, so 2n 4+ 3 — s is an even number. Adjoin 2n+3 — s
transpositions (1,2) as factors at the right of the product of the s transpositions that comprise o. The
same permutation o results because the product of an even number of factors (1,2) is the identity
permutation. Thus ¢ can be written as a product of 2n + 3 permutations.
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If o is even, we proceed in exactly the same way, but this time s is even so 2n + 8 — s is also
even. We tack the identity permutation, written as a product of the 2n + 8 — s factors (1, 2), onto
the end of o and obtain ¢ as a product of 2n 4 8 transpositions.

KTEX is unable to draw these figures the way I would like. Make the modifications listed in your own
sketches. The final solid lines in your sketch will indicate the orbit after performing the additional
transposition (i, 7).

a. Consider the right circle to be drawn with a dashed rather than solid curve, and also the short arc
from b to j on the left circle to be dashed.

o(j) J

b. Consider the left and right circles both to be drawn with dashed curves, indicating the orbits
before performing the additional transposition (i, 7).

Suppose ¢ € H is an odd permutation. Let ¢ : H — H be defined by ¢(u) = op for p € H. If
d(p1) = ¢(p2), then opuy = opg, so u1 = ug by group cancellation. Also, for any p € H, we have
¢(c ') = ooty = p. This shows that ¢ is a one-to-one map of H onto itself. Because o is an
odd permutation, we see that ¢ maps an even permutation onto an odd one, and an odd permutation
onto an even one. Because ¢ maps the set of even permutations in H one to one onto the set of
odd permutations in H, it is immediate that H has the same number of even permutations as odd
permutations. Thus we have shown that if H has one odd permutation, it has the same number of
even permutations as odd permutations.

If the cycle has length 1, then no element is moved. If it has length n > 1, then n elements are moved,
because elements not in the cycle are not moved.

Closure: Let o,u € H. If 0 moves elements s1, $2,---, S of A and u moves elements ry, 79, -, 7y, of
A, then o can’t move any elements not in the list s1, 89, -, 8k, 71,72, , Tm, SO o Moves at most
a finite number of elements of A, and hence is in H. Thus H is closed under the operation of S4.

Identity: The identity permutation is in H because it moves no elements of A.

Inverses: Because the elements moved by o € H are the same as the elements moved by o1, we see

that for each o € H, we have 0~! € H also. Thus H is a subgroup of Sy4.

No, K is not a subgroup. If o, u € K and o is a cycle of length 40 while p is a cycle of length 30 and
these two cycles are disjoint, then op moves 70 elements of A, and is thus not in K. Thus K is not
closed under permutation multiplication.

Let 4 be any odd permutation in S,,. Because o is an odd permutation, so is ¢!, and consequently

o'y is an even permutation, and thus is in A, Because p = o(o~'u), we see that yu is indeed a
product of o and a permutation in A,,.
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It is no loss of generality to assume that o = (1,2,3,---,m) where m is odd. Because m is odd, we
easily compute that

02 = (1,2,3,--',m)(1,2,3,---,m)(1,3,5,---,m,2,4,6,---,m— 1)7
which is again a cycle.

If o is a cycle of length n, then ¢ is also a cycle if and only if n and r are relatively prime, that is,
if and only if ged(n,r) = 1. To see why, let the cycle be o = (1,2,3,---,n) Computing, we find that
o" carries 1 into 1 4 r, or more precisely, into 1 + r modulo n in case r > n. Then 1 4+ r modulo n is
carried in turn into 1 + 2r modulo n, etc. Thus the cycle in ¢” containing 1 is

(L14+r,14+2r143r---,1+mr)

where all entries are to be read modulo n, and m is the smallest positive integer such that 1 + mr =
1(mod n), or equivalently, the smallest positive integer such that mr = 0(mod n). Thus the length of
the cycle containing 1 in ¢” is the smallest positive integer m such that mr is divisible by n. In order
for o” to be a cycle, this value of m must be n, which is the case if and only if ged(n,r) = 1.

We must show that A\, is one to one and onto G. Suppose that A\;(g1) = Aa(g2). Then ag; = age. The
group cancellation property then yields g; = g2, 50 A, is one to one. Let g € G. Then \,(a"'g) =
a(a™'g) = g, so A\, is onto G.

Closure: Let g, Ay € H. For g € G, we have (A Ap)(g9) = Aa(Ao(9)) = Aa(bg) = (ab)g = Aap(g). Thus
AaAb = Agp, S0 H is closed under permutation multiplication (function composition).

Identity: Cearly M. is the identity permutation of G.
Inverses: We have A\gA\g-1 = Agg-1 = A, 50 A, ' = A\,—1. Thus H is a subgroup of Sg.

We must show that for each a,b € G, there exists some A\. € H such that A.(a) = b. We need only
choose ¢ such that ca = b. That is, we take ¢ = ba™!.

We show that (1,2,3,---,n)"(1,2)(1,2,3,---,n)"" = (1,2) for r = 0, (2, 3) for r = 1, (3, 4) for
r =2,---,(n,1) for r = n — 1. To see this, note that any number not mapped into 1 or 2 by
(1,2,3,---,n)" " is left fixed by the given product. For r = i, we see that (1,2,3,---,n)""* maps
i+ 1 into 1, which is then mapped into 2 by (1, 2), which is mapped into i +2 by (1,2,3,---,n)". Also
(1,2,3,---,n)" " maps i + 2 mod n into 2, which is then mapped into 1 by (1, 2), which is mapped
into i + 1 by (1,2,3,---,n)"

Let (i,j) be any transposition, written with i < j. We easily compute that
(G7)=0i+)(+1,i4+2)-(G-2-D0G-1L7)0—-27-1)-(i+1,i+2)@i+1).

By Corollary 9.12, every permutation in S,, can be written as a product of transpositions, which
we now see can each be written as a product of the special transpositions (1,2),(2,3),---,(n,1) and
we have shown that these in turn can be expressed as products of (1, 2) and (1,2,3,---,n). This
completes the proof.
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Cosets and the Theorem of Lagrange

(See the answer in the text.)

AZ ={---,—8,-4,0,4,8,---}, 2+4Z = {---,—6,-2,2,6,10,---}

(2) = {0,2,4,6,8,10}, 1+ (2)={1,3,5,7,9,11}

(4) ={0,4,8}, 1+ (4)={1,5,9}, 2+ (4)={2,6,10}, 3+ (4)={3,7,11}
(18) ={0,18}, 1+ (18) ={1,19}, 2+ (18) ={2,20}, ---, 17+ (18) ={17,35}
{po, n2}, {p1, 82}, {p2, 1}, {ps, 61}

{po, u2}t, {p1,61}, {p2, 1}, {ps,02} They are not the same.

We do not get a coset group. The 2 x 2 blocks in the table do not all have elements of just one coset.

| po | pa | pr| 02| p2|pa| ps]| ds
po |l po | p2 || p1 | 02 || p2 | 1| p3 | 01
p2 || 2 | po || 01 | p3 || 1| p2 || 92 | p1
pr |l p1 | 02 || p2 | || p3 | 01 | po | p2
O || 2 | p1 || 2| po || 01| p3 || 1| p2
p2 || p2 | p1 || p3 | 01 || po | p2 || p1 | O2
pr || g1 | p2 || O2 | p1 | 2| po || O1 | p3

p3 |l P3| 01 || po | H2 | p1| 02 || p2 | 11
01 || 01 | p3 || pa | p2 || d2 | p1 || M2 | PO

. {P07P27}: {plap2}7 {M1>M2}> {517527}
10.

The same cosets are obtained as in Exercise 9, so the right cosets of {po, p2} are the same as the left
cosets.

(See the answer in the text.)

(3)y =41,3,6,9,12,15,18,21} has 8 elements, so its index (the number of cosets) is 24/8 = 3.
(u1) = {po, 1} has 2 elements, so its index (the number of left cosets) is 6/2 = 3.

(12) = {po, 2} has 2 elements, so its index (the number of left cosets) is 8/2 = 4.

o= (1,2,5,4)(2,3) = (1,2,3,5,4) generates a cyclic subgroup of S5 of order 5, so its index (the
number of left cosets) is 5!/5 = 4! = 24.

p=(1,2,4,5)(3,6) generates a cyclic subgroup of Sg of order 4, (the cycles are disjoint) so its index
(the number of left cosets) is 6!/4 = 720/4 = 180.

The definition is incorrect; we have no concept of a left coset of an arbitrary subset of a group G.

Let G be a group and let H < G. The left coset of H containing a is aH = {ah | h € H}.
The definition is correct.

TTTFTFTTFET (i) See the last sentence in this section.
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This is impossible. For a subgroup H of an abelian group G, we have a + H = H 4+ a for all a € G.
For any group G, just take the subgroup H = G. 22. The subgroup {0} of Zg.

This is impossible. Because the cells are disjoint and nonempty, their number cannot exceed the order
of the group.

This is impossible. The number of cells must divide the order of the group, and 4 does not divide 6.

The left cosets of the subgroup H form a partition of G and each coset has the same number of
elements as H has.

Reflezive: Let a € G. then aa~! = e and e € H because H is a subgroup. Thus a ~p a.
Symmetric: Suppose a ~p b. Then ab™! € H. Because H is a subgroup, (ab=!)~! = ba~! is in H, so
b~pga.

Transitive: Suppose a ~r b and b ~r ¢. Then ab~' € H and bc™! € H. Because H is a subgroup
(ab=1)(bc™!) = ac™'isin H, so a ~p c.

Let ¢g : H — Hg by ¢g(h) = hg for all h € H. If ¢4(h1) = ¢4(h2) for hi,ha € H, then h1g = hag
and hy = ho by group cancellation, so ¢4 is one to one. Clearly ¢, is onto Hg, for if hg € Hg, then
¢g(h) = hg.

We show that gH = Hg by showing that each coset is a subset of the other. Let gh € gH where
g € Gand h € H. Then gh = ghg~tg = [(¢7*) " thg~Yg is in Hg because (g~ )~thg™! is in H by
hypothesis. Thus gH is a subset of Hg.

Now let hg € Hg where g € G and h € H. Then hg = gg~'hg = g(g 'hg) is in gH because
g 'hg is in H by hypothesis. Thus Hg is a subset of gH also, so gH = Hyg.

Let h € H and g € G. By hypothesis, Hg = gH. Thus hg = gh; for some h; € H. Then ¢ 'hg = hy,
showing that g~ 'hg € H.

It is false. Let G = S3, H = {po, p11},a = p1 and b = pus3. (See Table 8.8.) Then aH = {p1,us} = bH,
but Ha = {p1, pe} while Hb = {pa, u3}.

It is true; b=ceb and e € H so b € Hb. Because Hb = Ha, we have b € Ha.

It is true. Because H is a subgroup, we have {h™! | h € H} = H. Therefore Ha™! = {ha™! | h €
H} ={h'a ' | he€ H} = {(ah)™' | h € H}. That is, Ha! consists of all inverses of elements in
aH. Similarly, Hb~! consists of all inverses of elements in bH. Because aH = bH, we must have
Ha ' = Hb L.

It is False. Let H be the subgroup {pg, u2} of Dy in Table 8.12. Then pyH = doH = {p1, 02}, and
pPH = poH = {py, 1} but 62H = poH = H = {po, 2}

The possible orders for a proper subgroup are p, ¢, and 1. Now p and ¢ are primes and every group
of prime order is cyclic, and of course every group of order 1 is cyclic. Thus every proper subgroup of
a group of order pg must be cyclic.

From the proof in Exercise 32, Ha~! = {(ah)™! | h € H} This shows that the map ¢ of the collection of
left cosets into the collection of right cosets defined by ¢(aH) = Ha™! is well defined, for if a H = bH,
then {(ah)™t | h € H} = {(bh)™! | h € H}. Because Ha~! may be any right coset of H, the map is
onto the collection of right cosets. Because elements in disjoint sets have disjoint inverses, we see that
¢ is one to one.
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Let G be abelian of order 2n where n is odd. Suppose that G contains two elements, a and b, of order
2. Then (ab)? = abab = aabb = ee = e and ab # e because the inverse of a is a itself. Thus ab also has
order 2. It is easily checked that then {e, a, b, ab} is a subgroup of G of order 4. But this is impossible
because n is odd and 4 does not divide 2n. Thus there can’t be two elements of order 2.

Let G be of order > 2 but with no proper nontrivial subgroups. Let a € G,a # e. Then (a) is a
nontrivial subgroup of G, and thus must be G itself. Because every cyclic group not of prime order
has proper subgroups, we see that G must be finite of prime order.

Following the hint and using the notation there, it suffices to prove {(a;b;)K |i=1,---,r,j =1,---,s}
is the collection of distinct left cosets of K in G. Let g € G and let g be in the left coset a; H of
H. Then g = a;h for some h € H. Let h be in the left coset b; K of K in H. Then h = bjk for
some k € K, so g = a;bjk and g € a;b; K. This shows that the collection given in the hint includes
all left cosets of K in GG. It remains to show the cosets in the collection are distinct. Suppose that
a;bj K = apby K, so that a;bjk1 = aybyks for some kq,ke € K. Now bjk; € H and byks € H. Thus a;
and a,, are in the same left coset of H, and therefore ¢ = p and a; = a,. Using group cancellation, we
deduce that bjk; = byks. But this means that b; and b, are in the same left coset of K, so j = q.

The partition of G into left cosets of H must be H and G — H = {g € G | g ¢ H}, because G has
finite order and H must have half as many elements as G. For the same reason, this must be the
partition into right cosets of H. Thus every left coset is also a right coset.

Let a € G. Then (a) has order d that must divide the order of G, so that n = dq. We know that a¢
= e. Thus a” = (a?)? = e? = ¢ also.

Let 7+ Z be a left coset of Z in R, where r € R. Let [r] be the greatest integer less than or equal to 7.
Then 0 <7 —[r] <1 and r+ (—[r]) is in 7 + Z. Because the difference of any two distinct elements in
r+7Z is at least 1, we see that © = r — [r] must be the unique element = € r 4 Z satisfying 0 < z < 1.

Consider a left coset r + (27) of (27) in R. Then every element of this coset is of the form r + n(27)
for n € Z. We know that sin(r + n(27)) = sinr for all n € Z because the function sine is periodic
with period 27r. Thus sine has the same value at each elements of the coset r + (27).

a. Reflexive: We have a = eae where e € H and e € K, so a ~ a.

Symmetric: Let a ~ b so a = hbk for some h € H,k € K. Then b = h='ak™! and h~' € H and
k~! € K because H and K are subgroups Thus b ~ a.

Transitive: Let a ~ b and b ~ ¢ so a = hbk and b = hicky for some h,h; € H and k,k; € K. Then
a = hhickik and hhy € H and k1k € K because H and K are subgroups. Thus a ~ c.

b. The equivalence class containing the element a is HaK = {hak | h € H,k € K}. It can be formed
by taking the union of all right cosets of H that contain elements in the left coset a K.

a. Closure: If o(c) = c and p(c) = ¢, then (op)(c) = o(p(c)) = o(c) = ¢, so S, is closed under
permutation multiplication.

Identity: The identity permutation leaves c fixed so it is in S .

Inverses: If o leaves c fixed, then o~ ! does also. Thus Se, ¢ is a subgroup of Sj4.

b. No, S q is not closed under permutation multiplication. If o, € S, 4, then (ou)(c) = o(pu(c)) =
o(d). Because o(c) = d and o is one to one, we know that o(d) # d unless ¢ = d.
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c. Let p € S. 4. Then we claim that S. 4 is the coset uSc . of Sc . in Sy. It is obvious that
(Se.c € Sea. Let 0 € Seq. Then (u71o)(c) = p=Ho(c)) = p(d) = ¢. Thus p~lo € S, . so
o € Se, e which means that S. 4 C pSe .. Hence S¢ g = puSe, c.

We can work with Z,. Let d divide n. Then (n/d) = {0,n/d,2n/d,---,(d — 1)n/d} is a subgroup
of Z, of order d. It consists precisely of all elements x € Z, such that dv =z + x4+ ---+ = for d
summands is equal to 0. Because an element x of any subgroup of order d of Z,, must satisfy dx = 0,
we see that (n/d) is the only such subgroup. Because the order of a subgroup must divide the order
of the whole group, we see that these are the only subgroups that Z,, has.

Every element in Z,, generates a subgroup of some order d dividing n, and the number of generators
of that subgroup is ¢(d) by Corollary 6.16. By the preceding exercise, there is a unique such subgroup
of order d dividing n. Thus ¥g),¢(d) counts each element of Z,, once and only once as a generator of
a subgroup of order d dividing n. Hence ¥g,,¢(d) = n

Let d be a divisor of n = |G|. Now if G contains a subgroup of order d, then each element of that
subgroup satisfies the equation ¢ = e. By the hypothesis that 2™ = e has at most m solutions in
G, we see that there can be at most one subgroup of each order d dividing n. Now each a € G has
some order d dividing n, and (a) has exactly ¢(d) generators. Because (a) must be the only subgroup
of order d, we see that the number of elements of order d for each divisor d of n cannot exceed ¢(d).
Thus we have

n = Z (number of elements of G of order d) < Z o(d
dln dln

This shows that G must have exactly ¢(d) elements of each order d dividing n, and thus must have
©(n) > 1 elements of order n. Hence G is cyclic.

Direct Products and Finitely Generated Abelian Groups

. (See the answer in the text.)

. The group is cyclic because there are elements of order 12.

Element Order | Element Order | Element Order

(0,0) 1 (1,0) 3 (2,0) 3
(0,1) 4 (1,1) 12 (2,1) 12
(0,2) 2 (1,2) 6 (2,2) 6
(0,3) 4 (1,3) 12 (2,3) 12
lem(2, 2) = 2. (The abbreviation lem stands for least common multiple.)
lem(3, 5) = 15. (The abbreviation lem stands for least common multiple.)
cm(3, 9) = 9. (The abbreviation lem stands for least common multiple.)
(

lem(4, 6, 5) = 60. (The abbreviation lem stands for least common multiple.)
lem(4, 2, 5, 3) = 60. (The abbreviation lcm stands for least common multiple.)

For Z¢ x Zg: the lem (least common multiple) of 6 and 8 which is 24.
For Z19 X Zq5: the lem of 12 and 15 which is 60.



38

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

11. Direct Products and Finitely Generated Abelian Groups

- {(0,0), (1,00} {(0,0),(0,1)} {(0,0),(1,1)}
There are 7 order 2 subgroups: ((1,0,0)),((0,1,0)), (0,0, 1)), ((1,1,0)), ((1,0,1)), ((0,1,1)}, (1,1, 1)).

There are 7 order 4 subgroups:

{(07 070)’ (1707 0)7(0’1’0)7(17170)} {(07 07 0)7(1’0’ 0)7(07 07 1)7(1’0’ 1)}
{(0,0,0), (1,0,0),(0,1,1),(1,1,1)}  {(0,0,0),(1,1,0),(0,0,1),(1,1,1)}
{(0,0,0),(1,1,0),(0,1,1),(1,0,1)} {(0,0,0),(1,1,1),(0,1,0), (1,0, 1)}
{(0,0,0),(0,1,1),(0,0,1),(0,1,0)}

(See the answer in the text.)

{(07 O?O)’ (1707 0)7(07170)7(17170)} {(07 07 0)7(1707 0)7(07 07 2)?(]" 72)}
{(0,0,0),(1,0,0),(0,1,2),(1,1,2)} {(0,0,0),(1,1,0),(0,0,2),(1,1,2)}
{(0,0,0),(1,1,0),(0,1,2),(1,0,2)} {(0,0,0),(1,1,2),(0,1,0), (1,0,2)}
{(0,0,0),(0,1,2),(0,0,2),(0,1,0)}

L3 X Loy, Ly X Zg, 2y X Lo, 2y X Ly X Zs
a.4 b.12 ¢ .12 d. 2,2 e.8

The maximum possible order is 12 = lem(4, 6).
Yes. Both groups are isomorphic to Zs X Zsz X Zg4.

The maximum possible order is 120 = lem(8, 20, 24).

No. ZBX210XZQ4QZQXZgXZgXZgXZ5bUtZ4XZlgXZ402Z4XZ4XZSX23XZ5

The maximum possible order is 180 = lem(4, 18, 15).

Yes. Both groups are isomorphic to Zg X Zg X Zg X Zg X Zs.
Zg, Z2 X Z4, ZQ X ZQ X ZQ

2167 ZQXZS, Z4><Z4, ZQXZQXZ4, ZQXZQXZQXZQ
(See the answer in the text.)

Z16XZ9><Z5, ZQXZgXZgXZ5, Z4XZ4XZQXZ5,
ZQXZQXZ4XZQXZ5, ZQXZQXZQXZQXZQXZ5,
ZlGXZ3X23XZ5, ZQXZgXZgXZgXZ5,
Z4XZ4XZgXZgXZ5, ZgXZQXZ4XZgXZgXZ5,
ZQXZQXZ2XZQXZ3XZ3XZ5

(See the answer in the text.)

There are 3 of order 24, arising from the subscript sequences 8, 3 and 2, 4, 3 and 2, 2, 2, 3 on the
factors Z. Similarly, there are 2 of order 25 arising from the subscript sequences 25 and 5, 5. There
are 3-2 = 6 of order 24 - 25, because each of three for order 24 can be paired with each of the two of
order 25.
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27. Because there are no primes that divide both m and n, any abelian group of order mn is isomorphic to

28.

29.

30.

a direct product of cyclic groups of prime-power order where all cyclic groups given by primes dividing
m appear before any of the primes dividing n. Thus any abelian group of order mn is isomorphic to
a direct product of a group of order m with a group of order n, when ged(m,n) = 1. Because there
are 7 choices for the group of order m and s choices for the group of order n, there are rs choices in
all.

We have 10° = 2°5°. There are 7 groups of order 2°, up to isomorphism, by Exercise 23. Replacing
factors 2 by factors 5 in the answer to Exercise 23, we see that there are also 7 abelian groups of
order 5°, up to isomorphism. By Exercise 27, there are 7 -7 = 49 abelian groups of order 10°, up to
isomorphism.

a. We just illustrate with the computation for groups of order p®, to get the last entry 22 in the table.
We try to be systematic, according as there is just one factor Z, then two factors Z, then three, etc.
For each of these cases, we list the possible sequences of exponents i that appear on the subscripts p’
on the factors Z,;.

Factors | Exponent Sequences Total
1 8 1
2 1,7 2,6 3,5 4,4 4
3 1,1,6 1,2,5 1,3,4 2,2,4 2,3,3 5
4 1,1,1,5 1,1,2,4 1,1,3,3 1,2,2,3 2,2,2,2 5
5 1,1,1,1,4 1,1,1,2,3 1,1,2,2,2 3
6 1,1,1,1,1,3 1,1,1,1,2,2 2
7 1,1,1,1,1,1,2 1
8 1,1,1,1,1,1,1,1 1

Thus there are a total of 1 + 4 + 5 + 5 + 3 + 2 + 1 + 1 = 22 abelian groups of order p®, up to
isomorphism.

b. We use the entries from the table in the answer in the text.
i)3.5-15 =225 ii) 5- 15 = 225 i) ¢°riq® = ¢®r* so our computation becomes 22 -5 = 110

Finish this diagram by a double arrow at the right end of each row looping around to the left end of
the row, and a single arrow at the bottom of each column looping around to the top of the column.
KTEX can’t do dashed arrows or the looping ones.

! ! ! !
(170) = (171) = (172) = = (1,TTL)
! ! ! !
(2,00 = (2,1) = (22 = -+ = (2,m)
! ! ! !

! ! ! !
n0) = @®l) = @2 = = (n,m)

(0,1) (1,0)
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a. It is abelian if the two generators a and b representing the two arc types commute. From a
diagram, we check that this is the case when the arrows on both n-gons have the same (clockwise or
counterclockwise) direction.

b. Zo X Zy, c. Zo X Zy, is cyclic when n is odd.

d. It is isomorphic to the dihedral group D, for it is generated by an element p (a rotation) of order

n and an element p (a reflection) of order 2 satisfying pu = pp~*.

TTFTFFFFFT 33. Z, is an example for any prime p.

a. Cardinality considerations show that the only subgroup of Zs x Zg that it isomorphic to Zs X Zg
is Zs X Zg itself.

b. There are an infinite number of them. Subgroup mZ x nZ is isomorphic to Z x Z for all positive
integers m and n.

S3 is an example, for its nontrivial proper subgroups are all abelian, so any direct product of them
would be abelian, and could not be isomorphic to nonabelian Ss.

TFFTTFTFTT 37. The numbers are the same.

a. Yes, it has just one subgroup of order 8 because 72 = 8 - 9 so the subgroup of order 8 consists of
all elements having order that divides 8.

b. No. If the group is Zg x Zg, then it has just one subgroup {(0,0), (2,0),(4,0),(6,0)} of order 4,
but if it is isomorphic to Zg X Z4 X Zg, it has more than one subgroup of order 4, namely

{(0,0,0),(0,1,0),(0,2,0),(0,3,0)} and {(0,0,0), (2,0,0),(0,2,0),(2,2,0)}.

Let G be abelian and let a,b € G have finite order. Then o = b® = e for some positive integers r
and s. Because G is abelian, we see that (ab)™ = (a")*(b*)" = e®e” = ee = e, so ab has finite order.
This shows that the subset H of G consisting of all elements of finite order is closed under the group
operation. Of course e € H because e has order 1. If a” = e, then a™" = (a™!)" = e also, showing

that @ € H implies a~! € H, and completing the demonstration that H is a subgroup of G.

The torsion subgroup of Z, x Z x Z3 has order 4 - 3 = 12. The torsion subgroup of Zio X Z X Z12 has
order 12 - 12 = 144.

{—1,1} 42. {7 | g € Q}

Let G be a finitely generated abelian group and write it (up to isomorphism) in the form described in
Theorem 11.12. Put parentheses around the first portion, involving factors of the form Z,-, and then
put parenthese around the second part, containing the factors Z. We have then exhibited G, up to
isomorphism, in the form H x K where H is a torsion group and K is torsion free.

a. 36 ; b. 2,12, and 60 as explained in Part(c).

c. Find an isomorphic group that is a direct product of cyclic groups of prime-power order. For
each prime divisor of the order of the group, write the subscripts in the direct product involving that
prime in a row in order of increasing magnitude. Keep the right-hand ends of the rows aligned. Then
take the product of the numbers down each column of the array. These are the torsion coefficients.
Illustrating with the group in b., we first form Zo x Zg3 X Zg X Z4 X Z4 X Z5. We now form the array
and multiply columns, as in



45.

46.

47.

48.

49.
50.

51.

52.

53.

54.

11. Direct Products and Finitely Generated Abelian Groups 41

2 4 4
3 3

)

2 12 60

obtaining the torsion coefficients 2, 12, 60.

If m and n are relatively prime, then (1, 1) has order mn so the group is cyclic of order mn. If m and
n are not relatively prime, then no element has order exceeding the least common multiple of m and
n, which has to be less than mn, so the group is not cyclic.

Computation in a direct product of n groups consists of computing using the individual group op-
erations in each of the n components. In a direct product of abelian groups, the individual group
operations are all commutative, and it follows at once that the direct product is an abelian group.

Closure: Let a,b € H. Then a® = b?> = e. Because G is abelian, we see that (ab)? = abab = aabb =
ee = e, so ab € H also. Thus H is closed under the group operation.

Identity: We are given that e € H.

2

Inverses: For all a € H, the equation a® = e means that a=' = a € H. Thus H is a subgroup.

Yes, H is a subgroup for order 3, by essentially the same proof as in the preceding exercise. No, H
is not a subgroup for order 4, because the square of an element of order 4 has order 2, so H is not
closed under the operation. For prime positive integers, H will be a subgroup.

S3 is a counterexample.

a. (h,k) = (h,e)(e,k) b. (h,e)(e,k) = (h,k) = (e,k)(h,e). c. The only element of H x K of the
form (h,e) and also of the form (e, k) is (e, e) = e.

Uniqueness: Suppose that g = hk = hiky for h,hy € H and k,k; € K. Then hflh = kik~1isin
both H and K, and we know that H N K = {e}. Thus h; 'h = k;k~! = ¢, from which we see that
h:hl andk::k:l.

Isomorphic: Suppose g1 = hiky and go = hoks. Then g192 = hikihske = hihskiks because ele-
ments of H and K commute by hypothesis b. Thus by uniqueness, g1g2 is renamed (hihe, ki1ks) =
(hl, kl)(hg, kg) in Hx K.

Recall that every subgroup of a cyclic group is cyclic. Thus if a finite abelian group G contains a
subgroup isomorphic to Z, x Z,, which is not cyclic, then G cannot be cyclic.

Conversely, suppose that G is a finite abelian group that is not cyclic. By Theorem 11.12, G
contains a subgroup isomorphic to Z,r x Z,s for the same prime p, because if all components in the
direct product correspond to distinct primes, then G would be cyclic by Theorem 11.5. The subgroup
(p" 1) x (p*~1) of Zyr X Zps is clearly isomorphic to Z, X Zj,.

By the Theorem of Lagrange, the order of an element of a finite group (that is, the order of the cyclic
subgroup it generates) divides the order of the group. Thus if G has prime-power order, then the
order of every element is also a power of the prime. The hypothesis of commutativity was not used.

By Theorem 11.12, the groups that appear in the decompositions of G x K and of H x K are unique
except for the order of the factors. Because G x K and H x K are isomorphic, these factors in their
decompositions must be the same. Because the decompositions of G x Kand H x Kcan both be
written in the order with the factors from K last, we see that G and H must have the same factors
in their expression in the decomposition described in Theorem 11.12. Thus G and H are isomorphic.
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Plane Isometries
PR
(See the answer in the text.) 2. P|P|R 3. (See the answer in the text.)
R|R|P

. A figure with a one-element group of plane symmetries.

e

. A figure with a two-element group of plane symmetries.

T

. A figure with a three-element group of plane symmetries.

A

(See the answer in the text.)

. A figure with a four-element group of plane symmetries, isomorphic to Zo X Zs.

. (See the answer in the text.)

Rotations and reflections can have fixed points. A translation slides all points by the same amount,
and a glide reflection moves all points the same distance.

A rotations is the only type with just one fixed point.

No plane isometry has exactly two fixed points. If P and @) are left fixed, so are all points on the line
through these two points.

Only the identity and reflections have an infinite number of fixed points.

If P, @, and R are three non collinear points, then three circles with centers at P, ), and R have
at most one point in common. Namely, two circles intersect in two points, and if the center of the
third circle does not lie on the line through the centers of the first two, then it can’t pass through
both points of intersection of the first two. An isometry ¢ that leaves P, @, and R fixed must leave
every other point S fixed because it must preserve its distance to P, @, and R, so that both S and
¢(S) must be the unique points of intersection of three circles with P, @, and R as centers and the
appropriate radii.
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If (P;) = (P;) for i = 1,2, and 3, then ¢~ (¢(P;)) = P, for i = 1,2, and 3. Thus by Exercise 14,
¢~ 1) = 1, the identity map, so ¥ = ¢.

No, the product of two rotations (about different points) may be a translation, so the set of rotations
is not closed under multiplication.

(See the answer in the text.)

Yes, they do form a subgroup. Think of the fixed point as the origin in the plane of complex numbers.
Rotations about that point correspond to multiplying by complex numbers z such that |z] = 1. The
set U = {z € C | |z|] = 1} is a group under multiplication, and the multiplication corresponds to
function composition of rotations. The number 1 corresponds to the identity map.

(See the answer in the text.)
No, the product of two glide reflections is orientation preserving, and hence is not a glide reflection.
(See the answer in the text.)

Because G is finite, it can contain no translations, so the orientation preserving isometries in G
consist of the rotations in G and the identity map. Because the product of two orientation preserving
isometries is orientation preserving, we see that the set H of all orientation preserving isometries in
G is closed under multiplication (function composition). Because the inverse of a rotation is also a
rotation, we see that H contains the inverse of each element, and is thus a subgroup of G. If H # G,
let 1 be an element of G that is not in H. If o is another element of G not in H, then u~'o € H,
because the product of two orientation reversing isometries is order preserving. Thus o € pH. This
shows that the coset uH contains all elements of G that are not in H. Because |uH| = |H|, we see
that in this case |G| = 2|H|.

We can consider all the rotations in G to be clockwise. Let p be the rotation in G which rotates the
plane clockwise through the smallest positive angle. Such a rotation exists because G is a finite group.
We claim that G is cyclic, generated by p. Let a be the angle of rotation for p. Let o be another
rotation in G with angle of rotation 5. Write # = qa + 0, according to the division algorithm. Then
0 = 8 — qa, and the isometry p~ %0 rotates the plane through the angle 6. By the division algorithm,
either 8§ =0 or 0 < € < a. Because 0 < 6 < « is impossible by our choice of a as the smallest nonzero
angle of rotation, we see that § = 0. Hence 3 = qa, so o = p?, showing that G is cyclic and generated

by p.

a.No b.No ¢. No d.No e Z

a. No b.No =c Yes d. No e. Dy

a. No b.Yes c. No d.No e.ZxZs
a. Yes b.No ¢ No d.No e. Dy

a. Yes b. Yes c. Yes d. No e. Dy XZsg
a.No b.No ¢ No d.Yes e. Z

a. Yes b.No «c¢. Yes d. Yes e. Dy

a. Yes, 90° and 180° b. Yes c. No 32. a. Yes, 180° b. Yes c. No
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a. No b. No c. No 34. a. No b. Yes c. No
a. Yes, 180° b. Yes c. No 36. a. Yes, 60°,120°, and 180° b. Yes c. No
a. Yes, 120° b. Yes c. No 38.a. No b.No ¢ Yes d.(1,0)and(0,1)

a. Yes, 90° and 180° b. Yes c¢. No d. (1,1)and (-1,1)
a. Yes, 120° b. No c. No d. (1,0) and (1,v/3)
a. Yes, 120° b. Yes c. No d. (0, 1) and (v/3,1)

Let us call the four diagonals of the cube through its center di,do, ds, and d4. By rotating the cube,
any diagonal can be moved to fall on the line segment formerly occupied by any of the diagonals
(including itself) in two ways. For example, if dy goes from point P to point @ and ds from point R
to point .9, then d; can be moved into the segment from R to S with the vertex formerly at P falling
on either point R or point S. Thus diagonal d; can be moved onto a diagonal (including itself) in
4 -2 = 8 ways. Once diagonal dy is in position, we can keep the ends of d; fixed and rotate the cube
through a total of three positions, giving a total of 3 - 8 = 24 possible rotations of the cube. But
the set {d1,ds,ds,ds} admits only 4! = 24 permutations. Thus, identifying each rotation with one of
these permutations of the four diagonals, we see that the group of rotations must be isomorphic to
the full symmetric group Sy on four letters.

Homomorphisms

. It is a homomorphism, because ¢p(m +n) =m+n = ¢(m) + ¢(n).
. It is not a homomorphism, because ¢(2.6 + 1.6) = ¢(4.2) = 4 but ¢(2.6) + ¢(1.6) =2+ 1 = 3.
. It is a homomorphism, because ¢(zy) = |zy| = |z||y| = ¢(x)d(y) for z,y € R*.

. It is a homomorphism. Let m,n € Zg. In Z, let m +n = 6q + r by the division algorithm in Z.

Then ¢(m +¢ n) is the remainder of r modulo 2. Because 2 divides 6, the remainder of m + n in
Z modulo 2 is also the remainder of r modulo 2. Now the map v : Z — Zs of Example 13.10 is a
homomorphism, and we have just shown that ¢(m +¢ n) = v(m + n) for m,n € Zg. Thus we have

¢(m +6n) =y(m +n) = y(m) +2v(n) = d(m) + ¢(n).

. It is not a homomorphism, because ¢(5+9 7) = ¢(3) =1 but ¢(5) +2 ¢(7) =1+21=0.
. It is a homomorphism, because ¢(x + y) = 2%TY = 2%2Y = ¢(x)¢(y) for x,y € R*.

. It is a homomorphism. Let a,b € GG;. Then

(;S(ab) (61a€27 ; ba"'ve?“)
(615627 , 4y "567”)(617627'”71))'"567”)

= ¢>(a)¢(b)-

. It is not a homomorphism if G is not abelian. We have ¢(ab) = (ab)~! = b~1a~! = ¢(b)p(a) which

may not equal ¢(a)p(b) if G is not abelian. For a specific example, let G = S5 with our the notation
in Section 8. Then ¢(p1j11) = ¢(p3) = pg " = pa, but ¢(p1)d(pr) = py 'y " = papa = pia.
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. Yes, it is a homomorphism. By calculus, (f +¢9)" = f"+¢". Then ¢(f+9)=(f+9)" = f"+¢" =

o(f) + (9)-

Yes it is a homomorphlsm since we have f (x) + g(x)] dx = f; f(z)dz + f;g(x) dz, so ¢(f + g) =
fo )] dx = fo z) dz + fo z)dx = ¢(f) + ¢(g)-

Yes, it is a homomorphism. By definition, 3(f + ¢)(z) = 3[f(z) + g(x)] = 3 f(z) + 3 - g(x) =

(3f)(x) + (3g)(x) = (3f + 3¢g)(x), showing that 3(f + ¢g) and 3f + 3g are the same function. Thus
¢(f +9) =3(f +9) =3f +39 = o(f) + ¢(9)-

10

No, it is not a homomorphism. Let n = 2 and A = [ 01

}andB:[i 1},sothatA+

B = [? ;] We see that ¢(A + B) = det(A + B) =4 —1 = 3 but ¢(A) + ¢(B) = det(A4) +

det(B) =140 =1.

Yes, it is a homomorphism. Let A = (a;;) and B = (b;;) where the element with subscript ij is in the
1th row and jth column. Then

3

¢(A+B) = (A+B) azz+bzz Zazz+zbzz
= tr(4)+ tT(B) ¢(A) + (B )'

No, it is not a homomorphism. We see that ¢(I,,1,,) = ¢(I,,) = tr(I,) = n, but ¢(1,) + ¢(I,) = tr(I,)
+ tr(f,) =n+n=2n.

No, it is not a homomorphism. Let f( ) =22+ 1. We have ¢(f - f) = fol (22 +1)%dx = fol (2t + 222 +
Ddo =1 +3+1=2%but 6(£)o(f) = [Jy (&> +1) d:p} —(yn2=18
Ker(¢) consists of the even permutations, so Ker(¢) = As = {po, p1, p2}-
Ker(¢) = 7Z because 4 has order 7 in Z7. We have
$(25) = o(21+4) = ¢(21) +7 ¢(4) = 0 +7 ¢(4)

o(1) +7 ¢(1) +7 (1) +7 ¢(1)
= 4—|—74—|—74—|—74: 1—|—71 = 2.

Ker(¢) = 5Z because 6 has order 5 in Z;o. We have

P(18) = ¢(15+3) = ¢(15) +10 ¢(3) = 0 +10 B(3)
= ¢(1) +100(1) +10 (1) =6 +106 +10 6
= 2+4106=28.

In Sy, we have 0 = (1,4,2,6)(2,5, 7) (1,4,2,5,7,6) which is of order 6, so Ker(¢) = 6Z. Then
$(20) = $(18 +2) = ¢(18)$(2) = 10? = (1,2 ,7)(4,5,6)-
Ker(¢) = (5) = {0,5} because 8 has order 5 in Zay. We have ¢(3) = 8 499 8 +20 8 = 16 499 8 = 4.

The element o = (2,5)(1,4,6,7) has order 4, so Ker(¢) = (4) = {0,4,8,12,16,20}. Then ¢(14) =
$(12 424 2) = 10? = (1,6)(4, 7).
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Now ¢(m,n) = 3m—>5nso Ker(¢) = {(m,n) | 3m = 5n for m,n € Z}. Then ¢(—3,2) = 3(—3)—5(2) =
—19.

We have ¢(m,n) = (2m—n, —3m+>5n) and the only simultaneous solution of the equations 2m—n =0
and —3m +5n=01is m =n =0, so Ker(¢) = {(0,0)}. Also, ¢(4,6) = (8 —6,—12+30) = (2, 18).

Let 0 = (3,5)(2,4) and p = (1,7)(6,10,8,9). Because ¢ has order 2 and p has order 4, we see that
Ker(¢) = 2Z x 47.. Because our all the cycles are disjoint, we find that

$(3,10) = 3ul% =(3,5)3(2,4)%(1,7)'9(6, 10, 8,9)°
= (3,5)(2,4)(6,10,8,9)% = (3,5)(2,4)(6,8)(9, 10).

Because the homomorphism ¢ must be onto Z, ¢(1) must be a generator of Z. Thus there are only
two such homomorphisms ¢, one where ¢(1) =1 so ¢(n) = n for all n € Z, and one where ¢(1) = —1
so ¢(n) = —n for all n € Z.

There are an infinite number of them. For any nonzero n € Z, we know that (n) is isomorphic to Z,
and that ¢ : Z — Z given by ¢(m) = mn is an isomorphism, and hence a homomorphism. Of course
¢ defined by ¢(m) = 0 for all m € Z is also a homomorphism.

There are two of them; one where ¢(1) =1 (see Example 13.10 with n = 2) and one where ¢(1) = 0.

Because we must have ¢4(e) by Theorem 13.12, we must have ge = e, so g = e is the only possibility.
Because ¢.(z) = ex = x is the identity map, it is indeed a homomorphism.

We have ¢g4(zy) = g(zy)g! = (929 1) (gyg™") = ¢¢(x)dg(y) for all z,y € G, s0 ¢, is a homomorphism
for all g € G.

Incorrect. It should say what ¢ maps to what, what x and y are, and include the necessary quantifier,
“for all”.

A map ¢ of a group G into a group G’ is a homomorphism if and only if ¢(zy) = ¢(x)¢(y) for
all z,y € G.

The definition is correct. 32. TTFTFFTTFF

There are no nontrivial homomorphisms. By Theorem 13.12, the image ¢[Z;2] would be a subgroup
of Zs, and hence all of Zj5 for a nontrivial ¢. By Theorem 13.15, the number of cosets of Ker(¢) must
then be 5. But the number of cosets of a subgroup of a finite group is a divisor of the order of the
group, and 5 does not divide 12.

Let ¢(n) be the remainder of n when divided by 4 for n € Z15. Replacing 6 by 12 and 2 by 4 in the
solution of Exercise 4 shows that ¢ is a homomorphism.

Let ¢(m,n) = (m,0) for all (m,n) € Zy x Za.
There are no nontrivial homomorphisms because Z has no finite subgroups other than {0}.

Let ¢(n) = p,, for n € Zs, using our notation in Section 8 for elements of S3. Both Zs and (p;) are
cyclic of order 3.

Let ¢(n) be the identity in Ss for n even, and the transposition (1,2) for n odd in Z. Note that ((1,2))
is of order 2, isomorphic to Zsy, and this homomorphism mirrors the homomorphism + of Example
13.10 for n = 2.
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Let ¢(m,n) = 2m. Then ¢((m,n)+(r,s)) = p(m+r,n+s) =2(m+r) =2m+2r = ¢(m,n) + ¢(r, s).

Let ¢(2n) = (2n,0) for n € Z. Then ¢(2m + 2n) = ¢(2(m +n)) = (2(m + n),0) = (2m + 2n,0) =
(2m,0) + (2n,0) = ¢(2n) + ¢(2m).

Viewing D, as a group of permutations, let ¢(o) = (1,2) for each odd permutation o € Dy, and let
¢(o) be the identity permutation for each even o € D4. Note that ((1,2)) is a subgroup of S3 of order
2, isomorphic to Zs. This homomorphism mirrors the homomorphism for n = 4 in Example 13.3,
restricted to the subgroup Dy of Sy.

For each o € Ss, let ¢(0) = pu where u(i) = o(i) for i = 1,2,3 and u(4) = 4. This is obviously a
homomorphism.

Let ¢(0) = (1,2) for each odd permutation o € S4, and let ¢(o) be the identity permutation for each
even o € Sy. Note that ((1,2)) is a subgroup of Ss of order 2, isomorphic to Zg. This homomorphism
mirrors the homomorphism for n = 4 in Example 13.3.

Because ¢[G] = {¢(g) | g € G}, we see that |¢[G]| < |G|, so |¢[G]| must be finite also. By Theorem
13.15, there is a one-to-one correspondence between the elements of ¢[G] and the cosets of Ker(¢) in

G. Thus |9[G]| = |G|/|Ker(¢)|, so |¢[G]| divides |G].

By Theorem 13.14, ¢[G] is a subgroup of G, so if |G’| is finite, then |$[G]| is finite. By the Theorem
of Lagrange, we see that |¢[G]| is then a divisor of |G’|.

Let x € G. By Theorem 7.6, there are (not necessarily distinct) indices i1, 42,43, - -, iy, in I such that
r=a;"a%a;* --a ™ where the n; are in Z.
1 12 3 im

Because ¢(a;;) = pu(a;i;) for j =1,2,3,---,m, it follows from Definition 13.1 (extended by induction)
and Property 2 in Theorem 13.12 that ¢(z) = p(z). Thus ¢ and p are the same map of G into G'.

By Theorem 13.12, Ker(¢) is a subgroup of G. By the Theorem of Lagrange, either Ker(¢) = {e} or
Ker(¢) = G because |G| is a prime number. If Ker(¢) = {e}, then ¢ is one to one by Corollary 13.18.
If Ker(¢) = G, then ¢ is the trivial homomorphism, mapping everything into the identity element.

We see that Ker(sgn,,) = A,. The multiplicative group {—1, 1} is isomorphic to the group Zs, and if
1 € {—1,1} is renamed 0 and -1 is renamed 1, then this becomes the homomorphism of Example 13.3.

Let a,b € G. For the composite function ¢, we have

v¢(ab) = ~(¢(ab)) = v(d(a)p(b)) = 7(d(a))¥(6(b)) = vb(a)yh(b)

where the first equality uses the definition of the composite map v¢, the second equality uses the fact
that ¢ is a homomorphism, the third uses the fact that + is a homomorphism, and the last uses the
definition of v¢ again. This shows that ¢ is indeed a homomorphism.

Let a',y' € ¢[G] and let ¢(x) = 2’ and ¢(y) = 3/ where x,y € G. Then ¢[G] is abelian
if and only if 2’y = y/2/,

if and only if 2/~ 'y ~'z'y’ =€/,

if and only if ¢(z)6(y) " 6(2)é(y) = ¢’
if and only if ¢p(x~ 1y toy) = ¢,

if and only if x 1y tay €Ker(¢)
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for all 2/, y’ € ¢[G]. Note that because 2’ and ' could be any elements of ¢[G], z and y could be any
elements of G.

Let m,n € Z. We have ¢(m +n) = a™" = a™a"™ = ¢(m)p(n), showing that ¢ is a homomorphism.
The image of ¢ is the cyclic subgroup (a) of G, and Ker(¢) is one of the subgroups of Z, which must
be cyclic and consist of all (positive, negative and zero) multiples of some integer j in Z. If a has
finite order in G, then j is the order of a; otherwise, j = 0.

We show that each of S = {z € G | ¢(z) = ¢(a)} and Ha is a subset of the other. Let s € S. Using
Theorem 13.12 and the homomorphism property, we have ¢(sa™') = ¢(s)p(a™t) = ¢(a)p(a™') =
d(a)p(a)™t =€’ sosa™! =h € H. Then s = ha so s € Ha. Thus S is a subset of Ha.

Let h € H so that ha € Ha. Then ¢(ha) = ¢(h)d(a) = €'¢(a) = ¢(a), showing that ha € S.
Thus Ha is a subset of S, so Ha = S.

We have ¢(1,0) = h'k® = h and ¢(0,1) = h°%k! = k. Let ¢ be a homomorphism. Using addition
notation in Z x 7Z as usual, we have

gb(l,l) =
¢(171) =

<

((1,0)+(0,1))
((0,1) +(1,0))

(1,0) + ¢(0,1) = hk,

o
6(0,1) + 6(1,0) = kh.

<

Thus if ¢ is a homomorphism, we must have hk = kh.
Conversely, suppose that hk = kh. Then for any (i,j) and (m,n) in Z x Z, we have
WERE = ¢(i, §)(m, n)

where the first equality in the second line follows from the commutativity of A and k. Thus ¢ is a
homomorphism if and only if hk = kh.

The preceding exercise shows that ¢ is a homomorphism for all choices of h and & in G if and only if
hk = kh for all h and k in G, that is, if and only if G is an abelian group.

The map ¢ is a homomorphism if and only if A = e, the identity in G.

Proof: If ¢ is a homomorphism, then ¢(0) = e. Consequently

W =o(1)" =1+ 1+ +1)=¢(0) =e.

n summands

Conversely, suppose that h”™ = e, so that (h) ~ Z,, where m is a divisor of n. Let i,j € Z,.
Viewing ¢ and j in Z, write i+j = gm+7,i = gym-+r1, and j = gam+ra, all by the division algorithm.
Then ¢(i + j) = A = hI™F" = (A™)Ip" = elh” = h". Similarly, ¢(i) = k™ and ¢(j) = h", so
é(1)p(4) = K12, Because i+ j = (q1 + q2)m + r1 + 72, the remainder i + j when divided by m is the
same as the remainder of r; + ro when divided by m. Thus A" %2 = h" so ¢(i)é(j) = ¢(i + j). Hence
¢ is a homomorphism.
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Factor Groups

(3) has 2 elements, so Zg/(3) has 6/2 = 3 elements.

(2) x (2) has 2 -6 = 12 elements, so the factor group has 48/12 = 4 elements.
((2,1)) has 2 elements, so the factor group has 8/2 = 4 elements.

{0} x Zs has 5 elements, so the factor group has 15/5 = 3 elements.

((1,1)) has 4 elements, so the factor group has 8/4 = 2 elements.

((4,3)) has 6 elements, so the factor group has (12 -18)/6 = 36 elements.

((1, p1)) has 6 elements, so the factor group has 12/6 = 2 elements.

(1, 1) generates the entire group so the factor group has just one element.

(4) ={0,4,8}. Now5+5=10,54+5+5=3,and 5+ 5+ 5+ 5=28. Because 5+ 5+ 5+ 5=38
is the first repeated sum of 5 in (4), we see that the coset 5 + (4) is of order 4 in this factor group.

(12) = {0, 12,24, 36,48}. We prefer to compute sums of the element 2 in the coset 26 + (12), rather
than the element 26. Computing, 2 +2=4,4+2=6,6+2=8,8 +2 =10, and 10+2 = 12 € (12).
Thus 26 + (12) has order 6 in the factor group.

{(0,0),(1,1),(2,2),(0,3),(1,4),(2,5)}. Computing, (2, 1) + (2, 1) = (1,2), (1,2) + (2, 1)
((1,1)). Thus (2,1) + ((1,1)) has order 3 in the factor group.
(0

(1,1),(2,2),(3,3)}. Computing, we find that (3, 1) + (3, 1) = (2,2) € ((1,1)). Thus

0),
1)) has order 2 in the factor group.

Y ;
(0,2)) = {(0,0),(0,4),(0,6)}. Computing, (3, 1) + (3,1) =(2,2),(2,2) + (3, 1) = (1, 3), (1, 3) +
0,4) € ((0,2)). Thus (3,1) + ((0,2)) has order 4 in the factor group.
2)

,(2,4),(3,6)}. We have (3,3) + (3,3) = (2,6),(2,6) + (3,3) = (1,1),(1,1) +
0,4),(0,4) + (3,3) = (3,7),(3,7) + (3,3) = (2,2),(2,2) + (3,3) = (1,5),(1,5) + (3,3) =
1,2) hus (3,3) + ((1,2)) has order 8 in the factor group. It generates the entire factor

((4,4)) = {(0,0),(4,4),(2,0),(0,4),(4,0),(2,4)}. We see that (2,0) € ((4,4)) so (2,0) + ((4,4)) has
order 1 in the factor group.

Because pip1p; " = pipapz = piz and p1popy ' = prpop2 = po, we see that iy, (H) = {po, p2}.

The definition is incorrect.

A normal subgroup H of a group G is a subgroup satisfying gH = Hg for all g € G.
The definition is correct.

The definition is incorrect. Change “homomorphism” to “isomorphism” and “into” to “onto”.

An automorphism of a group G is an isomorphism mapping G onto G.

Normal subgroups are those whose cosets can be used to form a factor group, because multiplication
of left cosets by multiplying representatives is a well-defined binary operation.



50

21.

22,

23.

24.

25.

26.

27.

28.

29.

14. Factor Groups

(See the answer in the text for Part(a) and Part(b)).

c. Taking a and b as representatives of the cosets aH and bH respectively, we see that (aH)(bH) =
(ab)H. Because G is abelian, ab = ba, so (ab)H = (ba)H = (bH)(aH). Thus (aH)(bH) = (bH)(aH)
so G/H is abelian.

a. When working with a factor group G/H, one would let z be an element of G, not an element
of G/H. The student probably does not understand what elements of G/H look like and can write
nothing sensible concerning them.

b. We must show that each element of G/H is of finite order. Let zH € G/H.

c. Because G is a torsion group, we know that 2™ = e in G for some positive integer m. Computing
(xH)™ in G/H using the representative z, we have (xH)™ = 2™H = eH = H, so xH is of finite
order. Because xH can be any element of G/H, we see that G/H is a torsion group.

TTTTTFTFTF

If n > 2, then |A,| = |Sn|/2, so the only cosets of A, are A,, and the set of all odd permutations in
Sp. Thus the left and right cosets must be the same, and A,, is a normal subgroup of S,. Because
Sn/Ay has order 2, it is isomorphic to Zs. If n = 1, then A, = S, so S, /A, is the trivial group of
one element.

Let h € H and a € G. Suppose left coset multiplication (aH)(bH) by choosing representatives is
well defined. Then (a ™ 'H)(aH) = eH = H. Choosing the representatives a~'h from a 'H and a
from aH, we see that a~'ha = h; for some hy € H. Thus ha = ahy, so ha € aH. This shows that
Ha C aH.

Exercise 39 of Section 11 proves that the elements of G of finite order do form a subgroup 7T of the
abelian group G. Because G is abelian, every subgroup of G is a normal subgroup, so T is normal in
G. Suppose that 2T is of finite order in G/T'; in particular, suppose that (7)™ = T. Then z™ € T.
Because T is a torsion group, we must have (z™)" = ™" = e in G for some positive integer r. Thus x
is of finite order in G, so that € T'. This means that 1" = T. Thus the only element of finite order
in G/T is the identity T, so G/T is a torsion free group.

Reflexive: Because i.[H] = H for every subgroup H of G, we see that every subgroup is conjugate to
itself.

Symmetric: Suppose that iz[H| = K, so that for each k € K, we have k = ghg™! for exactly one
h € H. Then h = (g~ ')kg = (97" )k(g~") ", and we see that i,1[K] = H, so K is also conjugate to
H.

Transitive: Suppose that io[H] = K and ip[K] = S for elements a,b € G and subgroups H, K, and S
of G. Then each s € S can be written as s = bkb~! for a unique k € K. But k = aha™' for a unique
h € H. Substituting, we have s = b(aha=1)b~! = (ba)h(a=b~!) = (ba)h(ba)~!, so iy, [H] = S and H
is conjugate to S.

We have H = {H} if and only if gHg~! = H for all g € G, which is true if and only if H is a normal
subgroup of G. We see that the normal subgroups of G are precisely the subgroups in the one-element
cells of the conjugacy partition of the subgroups of G.

We see that piugp; ' = piugpa = p3, and papsps ' = popizpr = pa, and conjugation by other
elements of S3 again yield either puq,ug, or ug. Thus the subgroups of S3 conjugate to {pg, u2} are

{po, 12}, {po, p1}, and {po, 3}
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We have |G/H| = m. Because the order of each element of a finite group divides the order of the
group,we see that (aH)™ = H for all elements aH of G/H. Computing using the representative a of
aH, we see that a™ € H for all a € G.

Let {H; | i € I} be a set of normal subgroups of a group G. Let K = (\,.; H;. If a,b € K, then
a,b € H; for each ¢ € I, and ab € H; for each i € I because H; is a subgroup of G. Thus ab € K
and K is closed under the group operation of G. We see that e € K because e € H; for each i € I.
Because a~! € H; for each i € I, we see that a~! € K also. Thus K is a subgroup of G. Let g € G and
k€ K. Then k € H; for i € I and gkg~! € H; for each i € I because each H; is a normal subgroup
of G. Hence gkg~!' € K, and K is a normal subgroup of G.

Let {H; | i € I} be the set of all normal subgroups of G containing S. Note that G is such a subgroup
of G, so I is nonempty. Let K = (,c; H;. By Exercise 31, we know that K is a normal subgroup
of G, and of course K contains S because H; contains S for each ¢ € I. By our constructions, we
see that K is contained in every normal subgroup H; of G containing S, so K must be the smallest
normal subgroup of G containing S.

Consider two elements aC' and bC in G/C. Now (aC)~! = a=1C and (bC)~! = b=1C. Conseqently,
choosing representatives, we see that (aC)(bC)(aC)~1(bC)~! = aba~'b~'C. However, aba='b~! €
C because C contains all commutators in G, so (aC)(bC)(aC)~1(bC)~t = C. Thus (aC)(bC) =
C(bC)(aC) = (bC)(aC') which shows that G/C' is abelian.

Let g € G. Because the inner automorphism i, : G — G is a one-to-one map, we see that iy[H]| has
the same order as H. Because H is the only subgroup of G of that order, we find that i4[H| = H
for all ¢ € G. Therefore H is invariant under all inner automorphisms of G, and hence is a normal
subgroup of G.

By Exercise 54 of Section 5, we know that H N N is a subgroup of GG, and is contained in H, so it is
a subgroup of H. Let h € H and x € H N N. Then x € N and because N is a normal subgroup of
G, we find that hah~! € N, and of course hxh~! € H because h,x € H. Thus hxth™' € HN N, so
H N N is a normal subgroup of H.

Let G = Dy, let N = {po, p2, 1, p2}, and let H = {pg, 1}, using the notation in Section 8.
Then N is normal in G, but H N N = H is not normal in G.

Let H be the intersection of all subgroups of G that are of order s. We are told that this intersection
is nonempty. By Exercise 31, H is a subgroup of G. Let x € H and g € G. Let K be any subgroup of
G of order s. To show that grg~! € H, we must show that gzg~' € K. Now g~ 'Kg is a subgroup of
G of order s,s0 x € g ' Kg. Let x = g~ 'kg where k € K. Then k = gxg™ ', so grg~" is indeed in K.
Because K can be any subgroup of G of order s, we see that grg~' € H, so H is a normal subgroup
of G.

a. By Exercise 49 of Section 13, the composition of two automorphisms of G is a homomorphism of G
into GG. Because each automorphism is a one-to-one map of G onto GG, their composition also has this
property, and is thus an automorphism of G. Thus compostion gives a binary operation on the set
of all automorphisms of GG. The identity map acts as identity automorphism, and the inverse map of
an automorphism of G is again an automorphism of G. Thus the automorphisms form a group under
function composition.

b. For a,b,z € G, we have i,(ip(z)) = iy (brb™1) = a(brb~ )a™t = (ab)x(b~ta™t) = (ab)x(ab)~! =

iqp(), so the composition of two inner automorphisms is again an inner automorphism. Clearly, i,
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acts as identity and the equation i,i, = i4p shows that i4t,-1 = ¢, S0 7,-1 is the inverse of i,. Thus
the set of inner automorphisms is a group under function composition.

Let a € G and let ¢ be any automorphism of G. We must show that ¢is¢~' is an inner auto-
morphism of G in order to show that the inner automorphisms are a normal subgroup of the entire
automorphism group of G. For any = € G, we have (¢i ¢~ )( ) = d)(ia(gb_l(x))) = ¢(ap~ ! (x)a™t) =
P(a)p(p (x)p(a™t) = d(a)z(d(a)) ™ = igq)(x), so Pigp™? () Which is indeed an inner auto-

morphism of G.

Let H={g € G | ig = ic}. Let a,b € H. Then for x € G, we have (ab)z(ab)™* = a(bxb~!)a~
axa™' =z, 50 i, =i, and ab € H. Of course e € H, and axa™! = z yields x = a~*
soa~! € H. Thus H is a subgroup of G.

ra=a'lz(a *1) L

To show that H is a normal subroup of G, let a € H and x € G. We must show that
zaz~! € H, that is, that iy, 1 = i.. For any y € G, we have i,,,-1(y) = (vaz~!)y(zaz™1)"1 =
rla(z lyz)a o™t = z(z 7 yz)z ™ = y = ic(y), SO iygp-1 = ic.

For gH € G/H, let ¢.(gH) = ¢(g)H'. Because we defined ¢, using the representative g of gH, we
must show that ¢, is well defined. Let h € H, so that gh is another representative of gH. Then
#(gh) = ¢(g)p(h). Because we are told that ¢[H| is contained in H’', we know that ¢(h) = h' € H’,
so ¢(g)p(h) = ¢(g)h' € ¢(g)H'. This shows that ¢, is well defined, for the same coset ¢(g)H' was
obtained using the representatives g and gh.

For the homomorphism property, let aH,bH € G/H. Because ¢ is a homomorphism, we obtain
¢«((aH)(bH)) = ¢« ((ab)H) = ¢(ab)H" = (¢(a)p(b))H' = (¢(a)H')(¢(b)H') = ¢+ (aH )$«(bH). Thus

¢+ is a homomorphism.

a. Let H be the subset of GL(n,R) consisting of the n x n matrices with determinant 1. The
property det(AB) = det(A)-det(B) shows that the set H is closed under matrix multiplication. Now
det(I,) = 1 and every matrix in GL(n,R) has a nonzero determinant and is invertible. From 1 =
det(I,,) =det(AA™Y) = det(A)-det(A1), it follows that det(A~!) = 1/det(A), soif A € H, then A~! €
H. Thus H is a subgroup of GL(n,R). Let A € H and let X € GL(n,R). Because X is invertible,
det(X) # 0. Then det(XAX ') = det(X)- det(A)- det(X~!) = det(X)- det(A) - (1/det(X)) =
det(A) = 1,50 XAX~! € H. Thus H is a normal subgroup of GL(n,R).

b. Let K be the subset of GL(n,R) consisting of the n x n matrices with determinant +1. Note
from Part(a) that if det(A) = —1, then det(A~!) = 1/(—1) = —1. The same arguments as in Part(a)
then show that if K is the subset of n X n matrices with determinant £1, then K is a subgroup of
GL(n,R). Part(a) shows that if A € K and X € GL(n,R), then det(X AX 1) =det(A) = %1, so that
again XAX ! € K and K is a normal subgroup of GL(n, R).

a. Let A, B, and C be subsets of G. Then

(AB)C = {(ab)c|a€ A,be B,ce C}
= {a(be) |a€ A,be B,ce C} = A(BC)

by the associativity of multiplication in G. The subset {e} acts as identity for this multiplication. Let
a,b € G with a # b. Then the set {a,b} has no multiplicative inverse, because the product of {a,b}
with any other nonempty subset of G yields a set with at least two elements, and hence not {e}. The
product of any subset with the empty subset is the empty subset, so even if G = {e}, we still do not
have a group, for @ has no inverse.
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b. The proof that if N is a normal subgrop and a,b € G, then the subset product (aN)(bN) is
contained in the coset (ab) N would just repeat the last paragraph of the proof of Theorem 14.4. To
show that (ab)N is contained in (aN)(bN), we let n € N. Then (ab)n = (ae)(bn), and this equation
exhibits an element of (ab) N as a product of elements in (aN) and (bN).

c. Associativity was proved for all subsets of G in Part(a), so it is surely true for the cosets of the
normal subgroup N. Because N = eN, we see that (aN)N = (aN)(eN) = (ae)N = aN, and similarly
(eN)(aN) = aN. Thus the coset N acts as identity element. The equation (a='N)(aN) = eN =
(aN)(a~!N) shows that each coset has an inverse, so these cosets of N do form a group under this
set multiplication. The identity of the coset group is NN, while the identity for the multiplication of
all subsets of G is {e}. If N # {e}, these identities are different.

Factor Group Computations and Simple Groups

. Because ((0, 1)) has order 4, the factor group has order 2 and must be isomorphic to Zy. This is also

obvious because this factor group essentially collapses everything in the second factor of Zs X Z4 to
the identity, leaving just the first factor.

. In this factor group,the first factor is not touched, but in the second factor, the element 2 is collapsed

to 0. Because Z4/(2) is isomorphic to Zg, we see the factor group isomorphic to Zg x Zy. Alternatively,
we can argue that the factor group has order four but no element of order greater than two.

. We have ((1,2)) = {(0,0), (1,2)}, so the factor group is of order 8/2 = 4. We easily see that (1,1) +

((1,2)) has order 4 in this factor group, which must then be isomorphic to Zj.

. We have ((1,2)) = {(0,0),(1,2),(2,4),(3,6)}, so the factor group has order 32/4 = 8. Because (0, 1)

must be added to itself eight times for the sum to lie in ((1,2)), we see that (0,1) 4 ((1,2)) is of order
8 in this factor group, which is thus cyclic and isomorphic to Zg.

. We have ((1,2,4)) = {(0,0,0),(1,2,4),(2,0,0),(3,2,4)} so the factor group has order (4-4-8)/4 = 32.

The factor group can have no element of order greater than 8 because Z4 x Z4 X Zg has no elements
of order greater than 8. Because (0, 0, 1) must be added to iself eight times for the sum to lie in
((1,2,4)), we see that the factor group has an element (0,0, 1)+ ((1,2,4)) of order 8, and is thus either
isomorphic to Z4 X Zg or to Zg X Zg X Zg. The first group has only three elements of order 2, while
the second one has seven elements of order 2. We count the elements of Z4 x Z4 X Zg not in ((1,2,4))
but which, when added to themselves, yield an element of ((1,2,4)). No element added to itself yields
(1,2, 4) or (3, 2,4). There are six such elements that yield (0, 0, 0) when added to themselves. There
are another six such elements that yield (2, 0, 0) when added to themselves. These twelve elements are
only enough to form three 4-element cosets in the factor group, which must be ismorphic to Z4 x Zs.

. Factoring out by ((0,1)) collapses the second factor of Z x Z to zero without touching the first factor,

so the factor group is isomorphic to Z. (For those who object to this “collapsing” argument, the
projection map m : Z X Z — Z where 71(m,n) = m has ((0,1)) as its kernel.)

. The 1 in the generator (1, 2) of ((1,2)) shows that each coset of ((1,2)) contains a unique element of

the form (0,m), and of course, every such element of Z X Z is in some coset of ((1,2)). We can choose
these representatives (0, m) to compute in the factor group, which must therefore be isomorphic to Z.

. The 1 in the generator (1, 1, 1) of ((1,1,1)) shows that each coset of {(1,1,1)) contains a unique

element of the form (0,m,n), and of course, every such element of Z x Z x Z is in some coset of
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((1,1,1)). We can choose these representatives (0, m,n) to compute in the factor group, which must
therefore be isomorphic to Z x Z.

. We conjecture that (Z x Z x Z4)/{(3,0,0)) is isomorphic to Zs3 x Z X Zs, because only the multiples of

3 in the first factor are collapsed to zero. It is easy to check that ¢ : Z X Z x Z4 — Z3 X 7 X Z4 defined
by ¢(n,m,s) = (r,m, s), where r is the remainder of n when divided by 3 in the division algorithm, is
an onto homomorphism with kernel ((3,0,0)). By Theorem 14.6, such a check proves our conjecture.

We conjecture that (Z x Z x Zg)/{(0,4,0)) is isomorphic to Z x Z4 x Zs, because only the multiples
of 4 in the second factor are collapsed to zero. It is easy to check that ¢ : Z X Z x Zg — 7 X Zy X Zg
defined by ¢(n,m,s) = (n,r,s), where r is the remainder of m when divided by 4 in the division
algorithm, is an onto homomorphism with kernel ((0,4,0)). By Theorem 14.6, such a check proves
our conjecture.

Note that (1,1) + ((2,2)) is of order 2 in the factor group and (0,1) + ((2,2)) generates an infinite
cyclic subgroup of the factor group. This suggests that the factor group is isomorphic to Zy x Z. We
construct a homomophism ¢ mapping Z x Z onto Zy x Z having kernel ((2,2)). By Theorem 14.6, we
will then know that (Z x Z)/{(2,2)) is isomorphic to Zgy X Z.

We want to have ¢(1,1) = (1,0) and ¢(0,1) = (0,1). Because (m,n) = m(1,1) + (n —m)(0,1),
we try to define ¢ by
d(m,n) =(m-1,n—m).
Here m -1 means 1+ 1+ ---1 for m summands in Zs, in other words, the remainder of m modulo 2.
Because

¢l(m,n) +(r;s)] = d(m+r,n+s)
= (m+r)-I,n+s—m—r)
= (m-Il,n—m)+(r-1,s—r)
— B(m,n) + 9(r,9),

we see that ¢ is indeed a homomorphism. For (r,s) € Zs x Z, we see that ¢(r,s + 1) = (r,5), so ¢
is onto Zg x Z. If ¢(m,n) = (0,0), then m -1 =0in Zy and n —m = 0 in Z. Thus m is even and
m =mn, so (m,n) = (m,m) lies in ((2,2)). Thus Ker(¢) is contained in ((2,2)). It is easy to see that
((2,2)) is contained in Ker(¢), so Ker(¢) = ((2,2)). As we abserved above, Theorem 14.6 shows that
our factor group is isomorphic to Zs x Z.

Clearly (1,1,1) 4+ ((3,3,3)) is of order 3 in the factor group, while (0,1,0) + ((3,3,3)) and (0,0,1) +
((3,3,3)) both generate infinite subgroups of the factor group. We conjecture that the factor group is
isomorphic to Zg X Z x Z. As in the solution to Exercise 11, we show that by defining a homomorphism
¢ of Z x 7 x 7 onto Zs x Z x Z having kernel ((3,3,3)). Just as in Exercise 11, we are motivated to
let

o(m,n,s) = (m-1,n—m,s —m).

We easily check that ¢ is a homomorphism with the onto property and kernel that we desire, completing
the proof. Just follow the arguments in the solution of Exercise 11.

Checking the Table 8.12 for Dy, we find that only pg and ps commute with every element of Dy. Thus
Z(Dy) = {po, p2}. It follows that {po, p2} is a normal subgroup of D4y. Now Ds/Z(Dy) has order 4
and is hence abelian. Therefore the commutator subgroup C is contained in Z(D4). Because Dy is
not abelian, we see that C' # {po}, so C = Z(D4) = {po, p2}-
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Because pg is the only element of S3 that commutes with every element of S3 (see Table 8.8), we
see that Z(Zs x S3) = Zs x {po}. Because As is the commutator subgroup of S, we see that the
commutator subgroup of Zs x Ss is {0} x As.

From Tables 8.8 and 8.12, Z(S3 x Dy) = {(po, po), (po,p2)}. From Exercise 13, we see that the
commutator subgroup is Az X {po, p2}.

We present the answers in tabular form. The order of the factor group is easy to determine, as we
did in Exercises 1 through 12. It is clear the factor groups listed are the only ones possible. Which
of the possibilities is the correct one for the given subgroup can easily be determined by taking into
account the order, and checking whether there is an element of order 4 in the factor group. We leave
the “up to isomorphism” label off the “Factor Group” heading to conserve space.

Subgroup | Factor Group || Subgroup | Factor Group
<(1,0)> Z4 <2> X <2> ZQ X Zg
((0,1)) Z4 ((2,0)) Za X Ly
((1,1)) Z4 ((0,2)) Ly X Lo
((1,2)) Z4 ((2,2)) Za X 7y
((2,1)) Ly ((0,0)) Ly X Ty
<(1a 3)) Z4

The definition is incorrect. Replace “contains” by “consists of”.

The center of a group G consists of all elements of G that commute with every element of G.
The definition is correct.
TFFTFTFFTF

F/K is isomorphic to H = {f € F | f(0) = 0}, because every coset of K in F' contains a unique
function in H, and H is a subgroup of F'. There is nothing special about 0 as the choice of a point in
the domain of the functions. F//K is also isomorphic to H, = {f € F' | f(a) = 0} for the same reason.

F*/K* is isomorphic to H* = {f € F* | f(1) = 1}, because every coset of K* in F** contains a unique
function in H*, and H* is a subgroup of F*. There is nothing special about 1 as the choice of a point
in the domain of the functions. F*/K* is also isomorphic to H} = {f € F* | f(a) = 1} for the same
reason.

No, if f + K has order 2 in F'/K, then we would have to have f ¢ K but ¢ = f + f € K. Thus we
would have to have g be continuous, but have f = %g be not continuous. This is impossible.

(See the answer in the text.)
U/zU is isomorphic to {e}, for zoU = U.

U/{—1) is isomorphic to U, for the map ¢ : U — U given by ¢(z) = 22 is a homomorphism of U onto
U with kernel {—1,1}. By Theorem 14.6, U/(—1) is isomorphic to U.

U/(¢y) is isomorphic to U, for the map ¢ : U — U given by ¢(z) = 2" is a homomorphism of U onto
U with kernel (¢,). By Theorem 14.6, U/((,) is isomorphic to U.

The factor group R/Z is isomorphic to U, the multiplicative group of complex numbers having absolute
value 1. The map ¢ : R — U given by ¢(r) = e™) = cos(27r) + isin(2nr) is a homomorphism of R
onto U with kernel Z. By Theorem 14.6, R/Z is isomorphic to U.
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The group Z is an example, for Z/(2) has only elements of finite order.

Let G = Zy x Zy. Then H = ((1,0)) is isomorphic to K = ((0,2)), but G/H is isomorphic to Z4 while
G/K is isomorphic to Zg X Zs.

a. The center is a whole group.

b. The center is {e}, because the center is a normal subgroup and the group is simple.

a. The commutator subgroup of an abelian group is {e}.

b. The whole group G is simple. Because C' is a normal subgroup, C' = {e} or C = G. Because G is
nonabelian and G/C' is abelian, we must have C' = G.

Every coset of a factor group G/H that contains a generator of the cyclic group G will generate the
factor group.

If M and L are normal subgroups of G and M < L < G, then L/M is a proper nontrivial normal
subgroup of G/M. If v : G — G/M is the canonical homomorphism and K is a proper nontrivial
normal subgroup of G/M, then 7y~ ![K] is a normal subgroup of G and M < v ![K] < G.

Every subgroup H of index 2 is normal, because both left and right cosets of H are H itself and
{g€ G|g¢ H}. Thus G cannot be simple if it has a subgroup H of index 2.

We know that ¢[N] is a subgroup of ¢[G] by Theorem 13.12. We need only show that ¢[N] is
normal in ¢[G]. Let g € G and z € N. Because ¢ is a homomophism, Theorem 13.12 tells us that
d(g)o(x)p(g)t = d(9)d(x)p(97 1) = ¢(grg~!). Because N is normal, we know that gzg~! € N, so
#(grg—1) is in @[N], and we are done.

We know that ¢~[N'] is a subgroup of G by Theorem 13.12. We need only show that ¢~ *[IN'] is normal
in G. Let x € ¢ 1[N], so that ¢(z) € N'. For each g € G, we have ¢(grg~!) = ¢(g)p(x)p(g7!) =
#(g)p(x)p(g)~' € N’ because N’ is a normal subgroup of G’. Thus gzg~' € ¢~'[N’], showing that
¢~L[N’] is a normal subgroup of G. (Note that N’ need only be normal in ¢[G] for the conclusion to
hold.)

Suppose that G/Z(G) is cyclic and is generated by the coset aZ(G). Let z,y € G. Then z is a
member of a coset a™Z(G) and y is a member of a coset a"Z(G) for some m,n € Z. We can thus
write © = a™z; and y = a"z2 where z1, 29 € Z(G). Because z; and z3 commute with every element of
G, we have xy = a™z1a" 20 = a™ 2129 = a"29a™ 21 = yx, showing that G is abelian. Therefore, if G
is not abelian, then G/Z(G) is not cyclic.

Let G be nonabelian of order pq. Suppose that Z(G) # {e}. Then |Z(G)| is a divisor of pg greater
than 1, but less than pg because G is nonabelian, and hence |Z(G)]| is either p or q. But then |G/Z(G)|
is either ¢ or p, and hence is cyclic, which contradicts Exercise 37. Therefore Z(G) = {e}.

a. Because (a,b,c) = (a,c)(a,b), we see that every 3-cycle is an even permutation, and hence is in
Ap.

b. Let ¢ € A, and write o as a product of transpositions. The number of transpositions in the
product will be even by definition of A,. The product of the first two transpositions will be either
of the form (a,b)(c,d) or of the form (a,b)(a,c) or of the form (a,b)(a,b), depending on repetition of
letters in the transpositions. If the form is (a,b)(a,b), it can be deleted from the product altogether.
As the hint shows, either of the other two forms can be expressed as a 3-cycle. We then proceed with
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the next pair of transpositions in the product, and continue until we have expressed o as a product
of 3-cycles. Thus the 3-cycles generate A,,.

c. Following the hint, we find that

(r,s,i)2 = (r,i,s),
(rys,7)(r,5,0)% = (1, 8,5)(r,4,8) = (r,, ),
(T’S])Z( TS, ):(r,j,s)(r,s,i):(s,i,j),
(r,8,0)%(r, 8, k) (r, 5,7)%(r, 8,0) = (r,d,5)(r, 8, k) (5,4, §) = (i, 5, k).

Now every 3-cycle either contains neither  nor s and is of the form (4, j, k), or just one of r or s and is
of the form (r,14,7) or (s,4,7), or both r and s and is of the form (r,s,i) or (r,i,s) = (s,r,i). Beause
all of these forms can be obtained from our special 3-cycles, we see that the special 3-cycles generate
A,

d. Following the hint and using Part(c) we find that

((r,8)(6,4))(r,5,0)*((r, 9)(0,4) " = (r,8) (i, ) (r, 4, 8) (6, 5) (7, ) = (v, 5,.7).

Thus if N is a normal subgroup of A, and contains a 3-cycle, which we can consider to be (r,s,1)
because r and s could be any two numbers from 1 to n in Part(c), we see that N must contain all the
special 3-cycles and hence be all of A,, by Part(c).

e. Before making the computations in the hints of the five cases, we observe that one of the cases
must hold. If Case 1 is not true and Case 2 is not true, then when elements of N are written as a
product of disjoint cycles, no cycle of length greater than 3 occurs, and no element of N is a single
3-cycle. The remaining cases cover the possibilities that at least one of the products of disjoint cycles
involves two cycles of length 3, involves one cycle of length 3, or involves no cycle of length 3. Thus
all possibilities are covered, and we now turn to the computations in the hints.

Case 1. By Part(d), if N contains a 3-cycle, then N = A,, and we are done.

Case 2. Note that a1, a9, ---,a, do not appear in u because the product contained disjoint cycles. We
have

o~ (a1, az,a3)o (a1, az,a3) 1]
= (ar, -, a2,a1)p (a1, a2,a3)u(ar, az, - - -, a,)(a, a3, az)
= (ah as, aT)a

and this element is in N because it is the product of ¢~! and a conjugate of ¢ by an element of A,,.
Thus in this case, N contains a 3-cycle and is equal to A, by Part(d).

Case 3. Note that aq,ae, - -,as do not appear in p. As in Case 2, we see that

0-71[((117 az, a4)0(ala az, a4)71] =
(ah as, 612)(6147 ag, as)lfl(ah a2, a4)u(a4, as, 06)(a1, az, as)(ah a4, az)
= (al,a4,a2,a6,a3)

isin N. Thus N contains a cycle of length greater than 3, and N = A,, by Case 2.

Case 4. Note that a1,as, and ag do not appear in u. Of course 02 € N because ¢ € N, so 0% =

wulay, as, az)u(ar, as,az) = (a1,as,a2) € N, so N contains a 3-cycle and hence N = A,, as shown by
Part(d).

Case 5. Note that a1, a9, a3, and a4 do not appear in u. As in Case 2, we see that



58

40.

41.

42.

16.

16. Group Action on a Set

0-_1[(6“3 az, (13)0'(@1, az, CL3)_1] =
(a1,a2)(as, aq)p~ (a1, az, a3)p(as, as) (a1, az)(ay, a, az) =
(a1,a3)(az,as)

is in N. Continuing with the hint given, we let @ = (a1, a3)(az,a4) and § = (a1, as,i) where 7 is
different from a1, a9, as, and a4. Then § € A, and o € N and N a normal subgroup of A,, imply that
(B~ 'aB)a € N. Computing, we find that

(B taB)a = (a1,i,a3)(a1,as)(az, as)(a1, as, i) (a1, as)(az, as) = (a1, as, ).
Thus N = A, in this case also, by Part(d).

Closure: Let hini, hone € HN where hq,ho € H and nq,ny € N. Because N is a normal subgroup,
left cosets are right cosets so Nho = hoN; in particular, nihe = hong for some n3 € N. Then
(hin1)(hang) = (hih2)(nsng) € HN, so HN is closed under the group operation.

Identity: Because e € H and e € N, we see that e = ee € HN.
Inverses: Now (hini)™' = ny'hy! € Nh!t and Nhy! = A !N because N is normal. Thus
nl_lhl_1 = h1_1n4 for some ny € N, so (hlnl)_l € HN, and we see that HN is a subgroup of G.

Clearly HN is the smallest subgroup of G containing both H and IV, because any such subgroup
must contain all the products hn for h € H and n € N.

Exercise 40 shows that NM is a subgroup of G. We must show that g(nm)g~' € NM for all
g € G,n € N,and m € M. We have g(nm)g~! = (gng~!)(gmg—!). Because N and M are both
normal, we know that gng=' € N and gmg~—! € M. Thus g(nm)g~! € NM so NM is a normal
subgroup of G.

The fact that K is normal shows that hkh™! € K, so (hkh™1)k~! € K. The fact that H is normal
shows that kh=1k=! € H, so h(kh='k=1) € H. Thus hkh~ 'k~ € HN K, so hkh™'k~! = e. Tt follows
that hk = kh.

Group Action on a Set

. (See the answer in the text.)

. Gl == G3 - {P0752}, G2 - G4 - {)00751}7

Gsl = GS3 = {pO):U’l}7 GSQ = GS4 = {pD’NQ}’
Gm1 = sz = {007027/117#2}7 Gd1 = Gd2 = {p0,02,51;52}>
GC - G; GP1 = GPS = {p07,u1}7 GPQ = GP4 = {po,MQ}

. {1,2,3,4}, {s1,s2,83,54}, {m1,ma}, {di,d2}, {C}, {P1, P, Ps, Py}

. The definition is incorrect. We need a universal quantifier.

A group G acts faithfully on X if and only if gz = x for all x € G implies that g = e.

. The definition is incorrect, and is an example of a nonsense definition.

A group G is transitive on a G-set X if and only if for each a,b € X, there exists some g € G
such that ga = b.
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